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Abstract
The SYZ mirror, in the ‘delocalized limit’ of [1], of N D3-branes, M fractional D3-branes and
Nf flavor D7-branes wrapping a non-compact four cycle in the presence of a black-hole resulting
in a non-Ka¨hler resolved warped deformed conifold (NKRWDC) in [2], was carried out in [3] and
resulted in black M3-branes. There are two parts of the paper. In the first we show that in
the ‘MQGP’ limit discussed in [3]: finite gs (expected to hence be more relevant to QGP), finite
gsM,Nf , g
2
sMNf and very large gsN , and very small
gsM
2
N
, (i) the uplift, if valid globally (like [4] for
fractional D3 branes in conifolds), asymptotes to M5-branes wrapping a two-cycle (homologously
an (large) integer sum of two-spheres) in AdS5 ×M6, (ii) assuming the deformation parameter to
be larger than the resolution parameter, by estimating the five SU(3) structure torsion (τ) classes
W1,2,3,4,5 we verify that τ ∈ W4 ⊕W5 : 23ℜeW 3¯5 = W 3¯4 in the UV and near θi = 0, implying the
NKRWDC locally preserves supersymmetry, (iii) the local T 3 of [3] in the large-r limit satisfies the
same conditions as the maximal T 2-invariant special Lagrangian three-cycle of T ∗S3 of [5], partly
justifying use of SYZ mirror symmetry in the ‘delocalized limit’ of [1] in [3]. In the second part of
the paper, by either integrating out the angular coordinates of the non-compact four-cycle which a
D7-brane wraps around, using the Ouyang embedding, in the DBI action of a D7-brane evaluated
at infinite radial boundary, or by dimensionally reducing the eleven-dimensional EH action to
five (R1,3, r) dimensions and at the infinite radial boundary, we then calculate in particular the
gs
<∼ 1(part of the ’MQGP’)limit, a variety of gauge and metric-perturbation-modes’ two-point
functions using the prescription of [6]. We hence show: (i) diffusion constant D ∼ 1
T
, (ii) the
electrical conductivity σ ∼ T , (iii) the charge susceptibility χ ∼ T 2, (iv) [using (i) - (iii)] the
Einstein’s relation σ
χ
= D, is indeed satisfied, (v) the R-charge diffusion constant DR ∼ 1T , and
(vi)(using [3] and Kubo’s formula related to shear viscosity η) the possibility of generating η
s
= 1
4pi
from solutions to the vector and tensor mode metric perturbations’ EOMs, separately. The results
are also valid for the limits of [2]: gs,
gsM
2
N
, g2sMNf → 0, gsN, gsM >> 1.
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1 Introduction
Since the formulation of AdS/CFT correspondence [7, 8, 9], it has been of profound interest to gain
theoretical insight into the physics of strongly coupled Quark Gluon Plasma (sQGP) produced in the
heavy-ion collision at RHIC by using holographic techniques. Within this context, the holographic
spectral functions play an important role because of their ability to provide a framework to compute
certain transport properties of QGP such as the conductivity and viscosity of the plasma which oth-
erwise are not computationally tractable. The calculation scheme generally involves Kubo’s formulae,
which involve the long distance and low frequency limit of two-point Green’s functions. The method-
ology to calculate two-point Green’s functions by applying gauge-gravity duality has been developed
in the series of papers [6, 10, 11] by considering D3-brane background. However, this approach is use-
ful for transport coefficients that are universal within models with gravity duals. One of the biggest
upshots of the same is the viscosity-over-entropy ratio which takes on the universal value 14π , known
as KSS bound [12, 13, 14]. Though the bound was initially obtained by assuming zero charge density,
the same was shown to hold to satisfy for wide class of theories including non-zero chemical poten-
tial, finite spatial momentum and other different backgrounds (see [15, 16, 17, 18]). In addition to
this, it is interesting to analyse the photon production in the context of non-perturbative theories
as the same reveals one of the most fascinating signatures of a QGP. The study of photoemission
in strongly coupled theories by using AdS/CFT correspondence was initiated in [19] in the presence
of vanishing chemical potential, and then continued in [20, 21] in the presence of non-zero chemical
potential by considering D3/D7 and D4/D6 backgrounds where baryonic U(1) symmetry is exhibited
from U(Nf ) = SU(Nf ) × U(1) global symmetry present on the world volume of stack of coincident
flavoured branes. In addition to the finite chemical potential, spectral functions were obtained in
[22, 18, 23] by considering finite spatial momentum, finite electric field and anisotropic plasma respec-
tively. The validity of the results of different transport coefficients obtained in the context of different
gravitational backgrounds is manifested on the basis of certain universal bounds. For example, it is
known that the results of some transport coefficients should satisfy the famous Einstein relation ac-
cording to which one can express the diffusion constant as the ratio of conductivity and susceptibility
[22]. Based on [6, 10], the diffusion coefficient can be extracted from poles in the retarded Green’s
functions corresponding to density of conserved charges. Also, it was suggested in [24] that similar to
viscosity-to-entropy ratio, there can exist a universal bound on the ratio of conductivity-to-viscosity
in theories saturated by models with gravity duals. Further, based on the Minkowski space prescrip-
tion of Son and Starinets, two-point functions were obtained in [25, 26] for conserved R-symmetry
current and different components of the stress-energy tensor forM2- andM5-brane in ADS4×S7 and
ADS7×S4 backgrounds respectively, using which a variety of transport coefficients including diffusion
coefficient, shear viscosity as well as the second speed of sound, were calculated.
The knowledge of UV-completion of gauge theories is important to handle issues related to finite-
ness of the solution at short distances as well as to capture certain aspects of large-N thermal QCD.
One of the earliest successful attempts to explain the RG flow in the dual background was made by
Klebanov and Strassler in [27] by embedding D5-branes wrapped over S2 in a conifold background
which was further extended to Ouyang-Klebanov-Strassler (OKS) background in [28] in the presence
of fundamental quarks (by including Nf D7-branes wrapped over non-compact four-cycle(s)). This
was followed by the modified OKS-BH background [2] in the presence of a black-hole (BH). It would be
very interesting to determine the transport coefficients by considering non-conformal modified OKS-
BH background, specially in the finite-string coupling limit, which motivates an uplift to M-theory in
the ‘delocalized limit’ of [1], and calculation of the transport coefficients in the same.
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In this paper, after explicitly showing that the M-theory uplift in the delocalized limit of [1], of
the modified OKS-BH background of [2] to black M3-branes, is a solution to D = 11 supergravity
in particular in the ‘MQGP limit’ described in [3], we intend to study the behaviour of transport
coefficients of these black M3-branes.3 One should keep in mind that the MQGP limit could be
more suited to demonstrating the characteristics of sQGP [29] by exploiting gauge-gravity duality,
and due to the finiteness of the string coupling can meaningfully only be addressed within an M-
theoretic framework. We are not aware of previous attempts at calculation of transport coefficients
of the string theory duals of large-N thermal QCD-like theories at finite string coupling - this work is
hence expected to shed some light on what to expect in terms of the values of a variety of transport
coefficients for sQGP. Using the background of [2] or its type IIA mirror in the delocalized limit of [1]
or its M-theory uplift, we have already computed some of the transport coefficients such as viscosity-
to-entropy ratio and diffusion constant in [3] by adopting the KSS prescription [12]. It would be
interesting to study important transport coefficients such as electrical conductivity, shear viscosity,
etc. in the finite string/gauge coupling-limit (part of the MQGP limit of [3]) by using the M-theory
uplift of non-conformal resolved warped deformed conifold background of [2] which asymptotically, we
show, corresponds to black M5-branes wrapping a sum of two-spheres in AdS5 ×M6.
An overview of the paper is as follows: In subsection 2.1, we review the framework of our M-
theory uplift in the ‘delocalized’ limit of [1] of type IIB background of [2] as constructed in [3] using
S(trominger) Y(au) Z(aslow) mirror symmetry (in the ‘delocalized’ limit of [1]). In this section, we also
highlight results of various hydro/thermodynamical quantities obtained in the MQGP limit provided
in [3], and then review the thermodynamical stability of the M-theory uplift. In subsection 2.2, we
explicitly demonstrate that the uplift described in 2.1 solves the D = 11 supergravity equations of
motion, in the large-r limit and near the θ1,2 = 0, π-branches in the delocalized limit of [1], and in
the MQGP limit of [3]. In subsection 2.3, we obtain magnetic charge of the black M3-branes due
to four-form fluxes G4 through all (non)compact four-cycles and point out that the black M3-branes
asymptotically can be thought of as M5-branes wrapped around two-cycles given homologously by
integer sum of two-spheres. In subsection 2.4, given that supersymmetry via the existence of a s(pecial)
Lag(rangian) is necessary for implementing mirror symmetry as three T-dualities a la SYZ, we show
that in particular the MQGP limit of (4) and assuming that the deformation parameter is larger than
the resolution parameter, the local T 3 of [3], in the large-r limit, is the maximal T 2-invariant sLag of
a deformed conifold as defined in [5]. In section 3, we turn toward the discussion of various transport
coefficients in the MQGP limit. A variety of transport coefficients can be obtained by considering
fluctuations of U(1)Nf gauge field corresponding to Nf D7-branes wrapping non-compact four-cycle
of (resolved) warped deformed conifold as discussed in [3], the fluctuations around U(1)R gauge field,
and the stress energy tensor. In this spirit, in section 3.1, we first consider gauge field fluctuations
around non-zero temporal component of gauge field background (non-zero chemical potential as worked
out in [3]) in the presence of Nf D7-branes wrapping non-compact four-cycle in the resolved warped
deformed conifold background and work out the equations of motion (EOM) of the same. Further, we
move on to the computation of two-point retarded Green’s functions by using the prescription first
set out in [6] using which one can calculate the electrical conductivity by utilising Kubo’s formula. In
section 3.2, we work out the charge susceptibility due to non-zero baryon density which turns out to be
such that the ratio of the electrical conductivity and charge susceptibility satisfies the Einstein relation.
Following the same strategy as described in 3.2, we compute the correlation function corresponding
to U(1)R current in the context of 11-dimensional M-theory background in section 3.3, the pole of
3 The near-horizon geometry of these branes, near the θ1,2 = 0, pi branches, preserves
1
8
supersymmetry.[3]
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which simply reads off “diffusion coefficient”. In section 3.4, we determine correlation functions of
stress energy tensor modes. After classifying different stress-energy tensor modes, we compute two-
point correlation functions of vector and tensor modes of black M3-brane. Using Kubo’s formula,
we therefore calculate the shear viscosity and show that is possible to obtain the shear viscosity-to-
entropy ratio (η/s) to be 1/4π. We finally summarize our results, also giving a flow-chart of the
flow of logic and (sub-)section-wise summary of results in the process in Fig. 1, and remark on the
possible extensions of the current work in section 4. There are four appendices. Appendix A includes
simplified expressions of possible non-zero Gµνλρ’s obtained. In appendix B we explicitly evaluate
the five SU(3) structure torsion classes for the resolved warped deformed conifold background of [2].
Appendix C gives the explicit embedding of the maximal T 2-invariant special Lagrangian three-cycle
of a deformed conifold. In appendix D, we collect various intermediate steps relevant to evaluation of
R-charge correlators of 3.2.
2 The Black M3-Branes of [3]
This section has two sub-sections. In 2.1, we will review the uplift of type IIB background of [2]
to M-theory in the delocalized limit of [1], as carried out in [3] using SYZ mirror symmetry (in the
delocalized limit of [1]), as well as its hydrodynamical and thermodynamical properties. In 2.2, we
discuss the charge(s) of the black M3-branes of 2.1 and show that asymptotically the 11D space-time
is a warped product of AdS5 and a six-fold with M5-branes wrapping a two-cycle that is homologous
to an integer sum of two-spheres.
2.1 The Uplift in the Delocalized Limit of [1]
To include fundamental quarks at finite temperature relevant to, e.g., the study of the deconfined
phase of strongly coupled QCD i.e “Quark Gluon Plasma”, a black hole and Nf flavor D7-branes
‘wrapping’ a (non-compact) four-cycle were inserted apart from N D3-branes placed at the tip of
six-dimensional conifold and M D5-branes are wrapping a two cycle S2, in the context of type IIB
string theory in [2] which causes, both, resolution as well as deformation of the two- and three-cycles
of the conifold respectively at r = 0 (apart from warping), resulting in a warped resolved deformed
conifold. In that background, back-reaction due to presence of black hole as well as D7-branes is
included in 10-D warp factor h(r, θ1, θ2). The metric from [2], is given as under:
ds2 =
1√
h
(−g1dt2 + dx21 + dx22 + dx23)+√h[g−12 dr2 + r2dM25];
gi’s demonstrate the presence of a black hole and is given as follows: g1,2(r, θ1, θ2) = 1− r
4
h
r4
+O
(
g2sM
N
)
,
where rh is the horizon, and the (θ1, θ2) dependence come from the O
(
gsM2
N
)
corrections. In (1),
dM25 = h1(dψ + cos θ1 dφ1 + cos θ2 dφ2)2 + h2(dθ21 + sin2θ1 dφ21) + h4(h3dθ22 + sin2θ2 dφ22)
+h5 [cos ψ (dθ1dθ2 − sin θ1sin θ2dφ1dφ2) + sin ψ (sin θ1 dθ2dφ1 + sin θ2 dθ1dφ2)] , (1)
r >> a, h5 ∼ (deformation parameter)
2
r3 << 1∀r >> (deformation parameter)
2
3 . Due to presence of Black-
hole, hi appearing in the internal metric (1) as well as M,Nf are not constant, and up to linear order
3
depend on gs,M,Nf as given below:
h1 =
1
9
+O(gsM
2
N
), h2 =
1
6
+O(gsM
2
N
), h4 = h2 +
6a2
r2
, h3 = 1 +O(gsM
2
N
),
Meff/N
eff
f =M/Nf +
∑
m≥n
(a/b)mn(gsNf )
m(gsM)
n,
L = (4πgsN)
1
4 .
The warp factor that includes the back-reaction due to fluxes as well as black-hole, for finite, but not
large r, is given as:
h =
L4
r4
[
1 +
3gsM
2
eff
2πN
logr
{
1 +
3gsN
eff
f
2π
(
logr +
1
2
)
+
gsN
eff
f
4π
log
(
sin
θ1
2
sin
θ2
2
)}]
.
(2)
For large r [2],
h = L4
[
1
r4−ǫ1
+
1
r4−2ǫ2
− 2
r4−ǫ2
+
1
r4−r
ǫ2
2
2
]
≡
4∑
α=1
L4(α)
r4(α)
, (3)
where ǫ1 ≡ 3gsM
2
2πN +
g2sM
2Nf
8π2N +
3g2sM
2Nf
8πN ln
(
sin θ12 sin
θ2
2
)
, ǫ2 ≡ gsMπ
√
2Nf
N , r(α) ≡ r1−ǫ(α), ǫ(1) = ǫ12 , ǫ(2) ≡
ǫ(3) =
ǫ2
2 ;L(1) = L(2) = L(4) = L
4, L(3) = −2L4. It is conjectured that as r →∞, α ∈ [1,∞).
In [3], we considered the following two limits:
(i) weak (gs) coupling − large t′Hooft coupling limit :
gs << 1, gsNf << 1,
gsM
2
N
<< 1, gsM >> 1, gsN >> 1
effected by : gs ∼ ǫd,M ∼ ǫ−
3d
2 , N ∼ ǫ−19d, ǫ ≤ O(10−2), d > 0
(ii) MQGP limit :
gsM
2
N
<< 1, gsN >> 1,finite gs,M
effected by : gs ∼ ǫd,M ∼ ǫ−
3d
2 , N ∼ ǫ−39d, ǫ . 1, d > 0. (4)
Apart from other calculational simplifications, one of the advantages of working with either of the
limits in (4) is that the ten dimensional warp factor h (3) for large r approaches the expression (2) for
finite/small r. The reason for the unusual scalings appearing in (4) is, as explained towards the end of
this section, that the same ensures that the finite part of theD = 11 supergravity action - the Gibbons-
Hawking-York boundary term (like [30]) - is independent of the angular (θ1,2) cut-off/regulator, and
yields an entropy density (s ∼ r3h) from a thermodynamical calculation matching the same calculated
from the horizon area.
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The three-form fluxes, including the ‘asymmetry factors’, are given by [2]:
F˜3 = 2MA1
(
1 +
3gsNf
2π
log r
)
eψ ∧ 1
2
(sin θ1 dθ1 ∧ dφ1 −B1 sin θ2 dθ2 ∧ dφ2)
−3gsMNf
4π
A2
dr
r
∧ eψ ∧
(
cot
θ2
2
sin θ2 dφ2 −B2 cot θ1
2
sin θ1 dφ1
)
−3gsMNf
8π
A3 sin θ1 sin θ2
(
cot
θ2
2
dθ1 +B3 cot
θ1
2
dθ2
)
∧ dφ1 ∧ dφ2,
H3 = 6gsA4M
(
1 +
9gsNf
4π
log r +
gsNf
2π
log sin
θ1
2
sin
θ2
2
)dr
r
∧1
2
(
sin θ1 dθ1 ∧ dφ1 −B4 sin θ2 dθ2 ∧ dφ2
)
+
3g2sMNf
8π
A5
(dr
r
∧ eψ − 1
2
deψ
)
∧
(
cot
θ2
2
dθ2 −B5 cot θ1
2
dθ1
)
. (5)
The asymmetry factors Ai, Bi encode information of the black hole and of the background and are
given in [2]. The O(a2/r2) corrections included in asymmetry factors correspond to modified Ouyang
background in the presence of black hole. The values for the axion C0 and the five form F5 are given
by [31]:
C0 =
Nf
4π
(ψ − φ1 − φ2)[since
∫
S1
dC0 = Nf ],
F5 =
1
gs
[
d4x ∧ dh−1 + ∗(d4x ∧ dh−1)] . (6)
It can be shown that the deviation from supersymmetry, one way of measuring which is the deviation
from the condition of G3 ≡ F˜3 − ie−φH3 being imaginary self dual: |iG3 − ∗6G3|2, is proportional to
the square of the resolution parameter a, which (assuming a negligible bare resolution parameter) in
turn is related to the horizon radius rh via: a
2 = gsM
2
N r
2
h +
gsM2
N (gsNf )r
4
h [32]. We hence see that
despite the presence of a black hole, in either limits of (4), SUSY is approximately preserved.
For embedding parameter µ << 1, D7-branes monodromy arguments for Ouyang embedding:
x =
(
9a2r4 + r6
)1/4
eı/2(ψ−φ1−φ2) sin θ12 sin
θ2
2 = µ
2 (relabeling ρ as r) “j(τ(x)) = 4.(24f)
3
27g2+f3
” ∼ 1
x−µ2 or
τ ∼ 12πı lnx, implying [2]:
e−Φ =
1
gs
− Nf
8π
log
(
r6 + 9a2r4
)− Nf
2π
log
(
sin
θ1
2
sin
θ2
2
)
.
Working around: r ≈ 〈r〉, θ1,2 ≈ 〈θ1,2〉, ψ ≈ 〈ψ〉 define the T-duality coordinates, (φ1, φ2, ψ) →
(x, y, z) as:
x =
√
h2h
1
4 sin〈θ1〉〈r〉φ1, y =
√
h4h
1
4 sin〈θ2〉〈r〉φ2, z =
√
h1〈r〉h
1
4ψ. (7)
Interestingly, around ψ = 〈ψ〉 (the ‘delocalised’ limit of [1], i.e., instead of a dependence on a local
coordinate, an isometry arising by freezing a coordinate and redefining it away as also summarised
below), under the coordinate transformation [1]:(
sinθ2dφ2
dθ2
)
→
(
cos〈ψ〉 sin〈ψ〉
−sin〈ψ〉 cos〈ψ〉
)(
sinθ2dφ2
dθ2
)
, (8)
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the h5 term becomes h5 [dθ1dθ2 − sinθ1sinθ2dφ1dφ2]. Following closely [1], and utilizing (8) and (7)
one sees that:
θ2 → −
√
6 sin〈ψ〉
(4πgsN)
1
4
y + cos〈ψ〉θ2
implying cos θ2dφ2 → cot
[
−
√
6 sin〈ψ〉
(4πgsN)
1
4
y + cos〈ψ〉θ2
]{√
6 cos〈ψ〉dy
(4πgsN)
1
4
+ sin〈ψ〉dθ2
}
. (9)
Defining θ¯2 ≡ −
√
6 sin〈ψ〉
(4πgsN)
1
4
y + cos〈ψ〉θ2 = − sin〈θ2〉 sin〈ψ〉φ2 + cos〈ψ〉θ2 θ2∼0,π−→ cos〈ψ〉θ2, eψ → eψ +
cot θ¯2 cos〈ψ〉 sin〈θ2〉dφ2+cot θ¯2 sin〈ψ〉dθ2, one hence sees that under ψ → ψ− cos〈θ¯2〉φ2+cos〈θ2〉φ2−
tan〈ψ〉ln sin θ¯2, eψ → eψ. In the delocalized limit of [1], one thus introduces an isometry along ψ in
addition to the isometries along φ1,2. This clearly is not valid globally - the deformed conifold does
not possess a third global isometry.
To enable use of SYZ-mirror duality via three T dualities, one needs to ensure that the above-
mentioned local T 3 is a special Lagrangian (sLag) three-cycle. This will be explicitly shown in section
3. For implementing mirror symmetry via SYZ prescription, one also needs to ensure a large base
(implying large complex structures of the aforementioned two two-tori) of the T 3(x, y, z) fibration.
This is effected via [33]:
dψ → dψ + f1(θ1) cos θ1dθ1 + f2(θ2) cos θ2dθ2,
dφ1,2 → dφ1,2 − f1,2(θ1,2)dθ1,2, (10)
for appropriately chosen large values of f1,2(θ1,2). The three-form fluxes remain invariant. The fact
that one can choose such large values of f1,2(θ1,2), was justified in [3]. The guiding principle was that
one requires that the metric obtained after SYZ-mirror transformation applied to the resolved warped
deformed conifold is like a warped resolved conifold at least locally, then GIIAθ1θ2 needs to vanish [3].
We can get a one-form type IIA potential from the triple T-dual (along x, y, z) of the type IIB
F1,3,5. We therefore can construct the following type IIA gauge field one-form [3] in the delocalized
limit of [1]:
• AF3 =
[
˜˜˜
Fxrxdr +
˜˜˜
Fxθ1xdθ1 +
˜˜˜
Fxθ2xdθ2 +
˜˜˜
Fyθ1ydθ1 +
˜˜˜
Fyθ2ydθ2
+
˜˜˜
Fzθ2zdθ2 +
˜˜˜
Fzθ1zdθ1 +
˜˜˜
Fzrzdr +
˜˜˜
Fyrydr
]
(θ1,2 → 〈θ1,2〉, φ1,2 → 〈φ1,2〉, ψ →〈ψ〉, r → 〈r〉);
• AF1 =
(
˜˜˜
F1 yxydx+
˜˜˜
F1 zxzdx
)
(θ1,2 → 〈θ1,2〉, φ1,2 → 〈φ1,2〉, ψ →〈ψ〉, r → 〈r〉);
• AF5 =
(
˜˜˜
F5 rθ1rdθ1 +
˜˜˜
F5 θ1θ2θ1dθ2 +
˜˜˜
F5 rθ2rdθ2
)
(θ1,2 → 〈θ1,2〉, φ1,2 → 〈φ1,2〉, ψ → 〈ψ〉, r → 〈r〉) ,
resulting in the following local uplift:
ds211 = e
− 2φIIA
3
[
1√
h (r, θ1, θ2)
(
−g1dt2 + dx21 + dx22 + dx23
)
+
√
h (r, θ1, θ2)
(
g−12 dr
2
)
+ds2IIA(θ1,2, φ1,2, ψ)
]
+ e
4φIIA
3
(
dx11 +A
F1 +AF3 +AF5
)2
,
6
which are black M3-branes.
In the MQGP limit: GM00 ∼ ǫ
55d
3 r2
(
1− r4h
r4
)
, GMrr ∼ ǫ
−59d3
r2
(
1− r
4
h
r4
) . One can rewrite Grrdr2 = ξ′ dω2ω
where ξ′ ∼ rhǫ′
ǫ
59d
3
and ξ′ dω
2
ω = dv
2 or ω = v
2
4ξ′ . One sees that near r = rh ∼ 1, GMtt dt2 ∼ ǫ38du2dt2
implying again T 2 ∼ 1
(
√
gsN)
2 in conformity with [2]. Similar result are obtained for the limits of [2].
Now, GM00 , G
M
rr have no angular dependence and hence the temperature T =
∂rG00
4π
√
G00Grr
[12, 13] of the
black M3-brane then turns out to be given by:
T =
√
2
rh
√
π
√
gs(18gs2Nf ln2(rh)Meff2+3gs(4π−gsNf (−3+ln(2)))ln(rh)Meff2+8Nπ2)
rh4
Both limits−→ rh
πL2
.
To get a numerical estimate for rh, we see that equating T to
rh
πL2 ; in both limits one then obtains
rh = 1 + ǫ, where 0 < ǫ < 1.
The amount of near-horizon supersymmetry was determined in [3] by solving for the killing spinor
ǫ by the vanishing superysmmetric variation of the gravitino in D = 11 supergravity. In weak (gs)-
coupling-large-t’Hooft-couplings limit [3]
ε(θ1,2,Φ1,2 ≡ φ1 ± φ2, ψ, x10) =
e∓βΦ1ǫ
−αΦG5678(ǫ)Γ56e∓βΦ2ǫ
−αΦG5678(ǫ)Γ56e−βψǫ
−αψ (∓G5679(ǫ)Γ56∓G5689(ǫ)Γ56)
×ex10ǫα10 (G56710(ǫ)Γ56±G56810(ǫ)Γ56)ε0,
with constraints: (
G5678(ǫ)±G56710(ǫ)Γ10 ±G56810(ǫ)Γ10
)
ε0 = 0, (11)
and
Γ7ε0 = ±ε0; Γ8ε0 = ±ε0, (12)
for a constant spinor ε0; gΦ1,2Φ1,2 = ǫ
−αΦ , gψψ = ǫ−αψ , gx10x10 = ǫα10 near θ1,2 = 0, π. The near-horizon
black M3-branes solution possess 1/8 supersymmetry near θ1,2 = 0, π. Similar arguments also work
in the MQGP limit of [3].
Freezing the angular dependence on θ1,2 (there being no dependence on φ1,2, ψ, x10 in, both, weak
(gs)-coupling-large-t’Hooft-couplings and MQGP limits), noting that G
IIA/M
00,rr,R3
are independent of the
angular coordinates (additionally possible to tune the chemical potential µC to a small value [3], using
the result of [12]:
η
s
= T
√
|GIIA/M|√
|GIIA/Mtt GIIA/Mrr |
∣∣∣∣∣
r=rh
∫ ∞
rh
dr
|GIIA/M00 GIIArr |
G
IIA/M
R3
√
|GIIA/M|
=
1
4π
. (13)
In the notations of [12] one can pull out a common Z(r) in the angular-part of the metrics as:
Z(r)Kmn(y)dy
idyj , (which for the type IIB/IIA backgrounds, is
√
hr2) in terms of which:
D =
√
|GIIB/IIA|ZIIB/IIA(r)
G
IIb/IIA
R3
√
|GIIB/IIA00 GIIB/IIArr |
∣∣∣∣∣
r=rh
∫ ∞
rh
dr
|GIIB/IIA00 GIIB/IIArr |√
|GIIB/IIA|ZIIB/IIA(r)
=
1
2πT
.
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Let us review the thermodynamical Stability of Type IIB Background in Ouyang Limit as discussed
in [3]. Assuming µ(6= 0) ∈ R in Ouyang’s embedding [34]: r 32 e i2 (ψ−φ1−φ2) sin θ12 sin θ22 = µ, which could
be satisfied for ψ = φ1 + φ2 and r
3
2 sin θ12 sin
θ2
2 = µ. Including a U(1)(of U(Nf ) = U(1) × SU(Nf ))
field strength F = ∂rAtdr ∧ dt in addition to B2, in the D7-brane DBI action, taking the embedding
parameter µ to be less than but close to 1, the chemical potential µC was calculated up to O(µ) in [3]:
µC ≈ gs
 2F1
(
1
3 ,
1
2 ;
4
3 ;−C
2g2s
rh6
)
2rh2
+
gsNf
Cgs
(
2F1
(
2
3 ,
3
2 ;
5
3 ;−C
2g2s
rh6
)
a2 + 8rh
2
2F1
(
1
3 ,
3
2 ;
4
3 ;−C
2g2s
r6h
)
ln(µ)
)
32πr4h
 .
One thus sees:
∂µC
∂T
∣∣∣∣∣
Nf ,a=frh:f<<<1;C=
π3(4πgsN)
3
2
gs
∼ − 1
8π
T 6(f2 + 4lnµ)
(1 + T 6)
3
2
+ f2gsNf
2F1
(
2
3 ,
3
2 ;
5
3 ;− 1T 6
)
16πT 3
< 0.
So, it is clear that ∂µC∂T
∣∣∣∣∣
Nf
= − ∂S∂Nf
∣∣∣∣∣
T
< 0. Apart from Cv > 0, thermodynamic stability requires:
∂µC
∂Nf
|T > 0, which for C > 0, µ = limǫ→0+ 1− ǫ is satisfied!.
Let us, towards the end of this section, review the arguments on demonstration of thermodynamical
stability from D = 11 point of view by demonstrating the positivity of the specific heat, as shown in
[3]. Keeping in mind that as rh ∼ ls, higher order α′ corrections become important, the action:
SE = 1
16π
∫
M
d11x
√
GMRM +
1
8π
∫
∂M
d10xKM
√
hˆ− 1
4
∫
M
(
|G4|2
−C3 ∧G4 ∧G4
)
+
T2
2π4.32.213
∫
M
d11x
√
GM(J − 1
2
E8) + T2
∫
C3 ∧X8 − Sct,
where T2 ≡M2-brane tension, and:
J = 3.28
(
RmijnRpijqR
rsp
m R
q
rsn +
1
2
RmnijRpqijR
rsp
m R
q
rsn
)
,
E8 = ǫ
abcm1n1...m4n4ǫabcm′1n′1...m′4n′4R
m′1n
′
1
m1n1 ...R
m′4n
′
4
m4n4 ,
X8 =
1
192 · (2π2)4
[
tr(R4)− (trR2)2
]
,
for Euclideanised space-time whereM is a volume of spacetime defined by r < rΛ, where the counter-
term Sct is added such that the Euclidean action SE is finite [35, 36]. The reason why there is no
1
κ211
in the action is because of the tacit understanding that as one goes from the local T 3 coordinates
(x, y, z) to global coordinates (φ1, φ2, ψ) via equation (7), the (gsN)
3
4 cancels off κ211. This also helps
in determining how the cut-off rΛ scales with ǫ that appears in the scalings of gs,M and N . Given
8
that F˜3 ∧ H3 is localised, i.e., receives the dominant contributions near θ1,2 = 0, the total D-brane
charge in the very large-N(>> M,Nf ) limit, can be estimated by [28]:
1
2κ210T3
∫
F˜3 ∧ H3 ∼ N . In
MQGP limit [3] defined by considering gs, gsM,gs
2MNf ≡ finite, gsN >> 1, gsM
2
N << 1.∫
F˜3 ∧H3 ∼
∫ {
34(gsM)
2(gsNf )NfA1A4(B1 +B4)
8π2
(lnr)2
r
sin θ2 sin θ1−
32(gsM)
2(gsNf )NfA3A5
26π2
1
r
sin θ1 sin θ2(cot
2 θ2
2
+B3B5 cot
2 θ1
2
)
}
dθ1dθ2drdφ1dφ2dψ.
Integrating the same, ∫
F˜3 ∧H3 ∼ 33. 24π(gsM)2(gsNf )Nf (lnrΛ)3.
We have 1
κ211
∼ 1
33. 25π
(gsM)2
N
(gsNf )2
1
(ln rΛ)3
. Assuming 1
33. 25π
(gsM)2
N
(gsNf )2
1
(lnrΛ)3
∼ (gsN)− 34 , we get
lnrΛ ∼
{
N
7
4 g
− 134
s
33. 25πM2N2f
} 1
3
.
The action, apart from being divergent (as r → ∞) also possesses pole-singularities near θ1,2 =
0, π. We regulate the second divergence by taking a small θ1,2-cutoff ǫθ, θ1,2 ∈ [ǫθ, π − ǫθ], and
demanding ǫθ ∼ ǫγ , for an appropriate γ. We then explicitly checked that the finite part of the action
turns out to be independent of this cut-off ǫ/ǫθ. It was shown in [3] that in [2]’s and MQGP limit,
Sfinite
EH+GHY+|G4|2+O(R4) ∼ −r3h and the counter terms are given by:∫ (
ǫ−κ
(i)
EH−surface
√
hMRM, ǫ−κ
(i)
cosmo
√
h, ǫ−κ
(i)
flux
√
h|G4|2
)∣∣∣∣
r=rΛ
(
aEH
ǫ
5
3
+ aGHY−boundary − ǫ9aG4 + aR4ǫ22
)
,
and∫ (
ǫ−κ
(ii)
EH−surface
√
hMRM, ǫ−κ
(ii)
cosmo
√
h, ǫ−κ
(ii)
flux
√
h|G4|2
)∣∣∣∣
r=rΛ
(
aEH
ǫ5
+ aGHY−boundary − ǫ19aG4 +aR4ǫ42
)
,
respectively in the two limits - in both limits the counter terms could be given an ALD-gravity-counter-
terms [36] interpretation. It was also shown in [3] that the entropy (density s) is positive and one
can approximate the same as s ∼ r3h - result which is what one also obtains (as shown in [3]) - by
calculation of the horizon area. Using the same, therefore, C ∼ T (rh)∂T
∂rh
∂(r3h)
∂rh
> 0 - implying a stable
uplift!
2.2 Satisfying D=11 SUGRA EOMs Locally in the MQGP Limit
In this subsection we explicitly verify that the uplift to M-theory in the delocalized limit of [1] in the
MQGP limit of [3] (involving gs
<∼ 1) constitutes a bona-fide solution of D = 11 supergravity EOMs
in the presence of (wrapped) M5-brane sources. The same for a single M5-brane source are given as
under [37]:
RMMN −
1
2
GMMNR =
1
12
(
GMPQRG
PQR
N −
1
8
GMMNGPQRSG
PQRS
)
+ κ211T
M5
MN , (14)
and in the absence of Dirac 6-brane:
d ∗11 G4 +G4 ∧G4 = −2κ211T5(H3 −A3) ∧ ∗11J6, (15)
9
where M5-brane current J6 ∼ dx
0∧dx1∧dx2∧dx3∧dθ1∧dφ1√
−GM
; the Bianchi identity is:
dG4 = 2κ
2
11T5 ∗11 J6. (16)
Taking trace of (14),
− 9
2
R = − 1
32
GPQRSG
PQRS + κ211T
Q
Q (17)
Incorporating the above in equation (14), one gets
RMMN =
1
12
(
GMPQRG
PQR
N −
1
12
GMMNGPQRSG
PQRS
)
+ κ211
(
TMN − 1
9
GMMNT
Q
Q
)
(18)
and the space-time energy momentum tensor TMN for a single M5-brane wrapped around S
2(θ1, φ1)
is given by
TMN (x) =
∫
M6
d6ξ
√
−det GM5µν G(M5)µν∂µXM∂νXN
δ11(x−X(ξ))√
−det GMMN
(19)
where X = 0, 1, ..., 11 and µ, ν = 0, 1, 2, 3, θ1 , φ1.
Now, in the MQGP limit, the most dominant contribution is governed by Rθ1θ1 . So:
RMθ1θ1 =
1
12
(
Gθ1PQRG
PQR
θ1
− 1
8
GMθ1θ1GPQRSG
PQRS
)
+ κ211
(
Tθ1θ1 −
1
9
GMθ1θ1T
Q
Q
)
(20)
Using equation (19), one sees that
TQQ ∼
√
−det GM5µν√
−det GMMN
(21)
Similarly, in both limits,
Tθ1θ1 = G
M
θ1M1G
M
θ1M2T
M1M2 ∼ GMθ1θ1
√
−det GM5µν√
−detGMMN
(22)
So, we get
Tθ1θ1 −
1
9
GMθ1θ1T
Q
Q ≈
8
9
×GMθ1θ1
√
−det GM5µν√
−det GMMN
(23)
Now, we have
det GMMN ∼
2πr6f2(θ2)
2gsN cos
2(θ1) cot
6(θ1) sin
2(θ2) cos
2(θ2)
159432332/3gs16/3
,
det GM5µν ∼
9
(
1− r4h
r4
)
r8 sin4(θ1)(cos(2θ2)− 5)
64πgs15/3N
(
sin2(θ1) cos2(θ2) + cos2(θ1) sin
2(θ2)
)
GMθ1θ1 ∼
√
πN
3
√
3 3
√
1
gs
√
gsN
(24)
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Utilizing above, we have
Tθ1θ1 −
1
9
GMθ1θ1T
Q
Q ∼
8
9
×GMθ1θ1
√
−det GM5µν√
−det GMMN
∼ −
(√
1− r4hr4
)
r tan4(θ1)
√
5−cos(2θ2)
2−cos[2(θ1−θ2)]−cos[2(θ1+θ2)] csc(θ2) sec(θ2) sin(θ1)
√
gsNf2(θ2)
(25)
We will estimate (25) at an rΛ ∼ e
(
N7/4
g
13/4
s M
2N2
f
) 1
3
(see 2.2) >> resolution/deformation parameter and
also larger than rh = 1 + ǫ(ǫ → 0+), near θ1,2 = 0 (effected as θ1,2 ∼ αθǫ
15
6 ), for ǫ ∼ 0.83, αθ << 1
yields rΛ ∼ 5 in the MQGP limit. In this limit, from (25), in the same spirit as [38] one estimates:
Tθ1θ1 −
1
9
GMθ1θ1T
Q
Q
∣∣∣∣
∼αθǫ
3
2 ,αθ<<1
∼ NwM5O(10−2)α4θ << 1, (26)
whereNwM5 is the number of wrappedM5-branes approximately given by N which in the MQGP limit
and ǫ = 0.83 is around 103;αθ << 10
− 3
4 . In [3], it was shown that in the MQGP limit, the EH action:∫ √−GMR yields a divergent contribution: r4Λ
α5θǫ
5 , which can be canceled by a boundary counter term:
ǫ−29/6
(
a(α1,2,3)
α5θǫ
5
) ∫ √−hR evaluated at r = rΛ, wherein gs ∼ α1ǫ,M ∼ α2ǫ3/2, N ∼ α3ǫ−39. So, at
r = rΛ,
∫ √−GMR−ǫ−29/6 (a(α1,2,3)
α5θǫ
5
) ∫ √−hR will not yield any finite contribution to RMN . Further,
FMPQRG
PQR
N −
1
12
GMMNGPQRSG
PQRS
∼ sin
9(θ1) cos(θ1) cot
3(θ2)(
sin2(θ1) cos2(θ2) + cos2(θ1) sin
2(θ2)
)2
∣∣∣∣∣
θ1,2∼αθǫ
3
2 ,αθ<<1
∼ α2θǫ
15
3 << 1. (27)
Further:
∗11J6 ∼ ǫx
0x1x2x3θ1φ1
rθ2φ2ψx10
dr ∧ dθ2 ∧ dφ2 ∧ dψ ∧ dx10
∼ −
∏
µ∈R1,3
Gµµ
∏
m∈S2(θ1,φ1)
Gmmdr ∧ dθ2 ∧ dφ2 ∧ dψ ∧ dx10
∼ g
5
sN sin
6 θ1
r8
dr ∧ dθ2 ∧ dφ2 ∧ dψ ∧ dx10 r=rΛ,MQGP,ǫ=0.83,θ1,2→0−→ << 1, (28)
From [3], G4 ∧G4 = 0 and
A3 = B2 ∧ dx10,
H3 = Hθθ2φ1dθ1 ∧ dθ2 ∧ dφ1 +Hθ1θ2φ2dθ1 ∧ dθ2 ∧ dφ2 +Hrθ1θ2dr ∧ dθ1dθ2
+Hθ1φ1ψdθ1dφ1dψ +Hθ1θ2φ2dθ1 ∧ dθ2 ∧ dφ2 +Hθ1θ2φ1dθ1 ∧ dθ2 ∧ dφ1
+Hθ1φ1ψdθ1 ∧ dφ1 ∧ dψ. (29)
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So from (29) and (28), (H3−A3)∧∗11J6 = 0.Using the same in (15), GMNPQ satisfies ∂M
(√−GGMNPQ) =
0, which in the MQGP limit is given by:
∂θ1
(√
−GMGθ1NPQ
)
+ ∂θ2
(√
−GMGθ2NPQ
)
+ ∂φ1
(√
−GMGφ1NPQ
)
= 0.
(30)
Using the non-zero expressions for the various four-form flux components in the MQGP limit requires
to consider:
• N = θ2, P = φ1, Q = x10 and one hence obtains:
∂θ1
(√
−GMGθ1θ1Gθ2θ2Gφ1φ2Gx10x10Gθ1θ2φ1x10
)
∼ 1
g
29
12
s N
7
4
[
rθ2 tan(θ1) sin(θ2) tan(θ2)
((
3 tan2(θ1) + 1
)
sin2(θ2) + 2 tan
4(θ1)
)(
sin2(θ1) + sin
2(θ2)
)2
]
↓ r = rΛ,MQGP limit, θ1,2 ∼ αθǫ
15
6 , αθ << 1, ǫ = 0.83
∼ α2θ10−6 << 1. (31)
• N = φ1, P = ψ,Q = φ1;
∂θ1
(√−GGθ1φ2ψφ1)+ ∂θ2 (√−GGθ2φ2ψφ1)
↓ r = rΛ,MQGP limit, θ1,2 ∼ αθǫ
15
6 , αθ << 1, ǫ = 0.83
∼ Nf sinφ2
(
rΛ sin
5 θ1
g
3
4
s N
3
4
+
rΛ sin
11 θ1
g
3
4
s N
3
4
)
∼ α5θ10−4Nf sinφ2 << 1 (32)
• N = θ2, P = φ1, Q = φ2:
∂θ1
(√
−GGθ1θ2φ1φ2
)
∼ Nf sinφ2
r2Λ sin
10 θ2
g
41
12
s N
3
4
∼ α10θ 10−3Nf sinφ2 << 1. (33)
Utilizing the expressions for the non-zero GMNPQ flux components and (28)(which tells us that
∗11J6’s only non-zero component is (∗11J6)rθ2φ2ψx10), at θ1,2 ∼ αθǫ
15
6 , αθ << 1:
∂[rGθ2φ2ψx10] = 0 ≈ (∗11J6)rθ2φ2ψx10 . (34)
Also:
∂[r]Gθ1φ2ψφ1] = 0; ∂[rGθ2φ2ψx10] = 0;
∂[r]Gθ1θ2φ1φ2]
∣∣
r=rΛ,θ1,2→0, MQGP limit ∼
g
7
4
s M2
N
1
4 rΛ
cosφ2 +
g
7
4
s MN
1
4
rΛ
cosφ2
↓ gs ∼ αgsǫ, M ∼ αM ǫ−
3
2 , N ∼ αNǫ−39, ǫ = 0.83 : αM,N ∼ 1O(1) ∼ 10
−2 << 1;
∂[ψGθ1θ2φ1φ2]
↓ θ1 ∼ αθǫ
15
6 , θ2 ∼ O(1)αθǫ
15
6 : αθ << 1;MQGP limit : ǫ = 0.83
Nf (gsN)
3
4
(O(1))4 sinφ2 ∼ 10
−2 sinφ2 for O(1) ∼ 7. (35)
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We therefore conclude that the D=11 SUGRA EOMs are nearly satisfied near r = rΛ and the θ1 =
θ2 = 0 branch.
2.3 Black M3-Branes as Wrapped M5-branes around Two-Cycle
Let us turn our attention toward figuring out the charge of the black M3-brane. Utilizing the non-
zero expressions of the components of the four-form flux G4 as given in (A1), and: (i)assuming the
expressions obtained in the ‘delocalized’ limit of [1] and hence in conformity with the non-locality of
T duality transformations, are valid globally (〈θ1,2〉 was shown in [4] to be replaced by θ1,2 for D5
branes wrapping two-cycles in conifolds), (ii) using the principal values of the integrals over θ1,2, i.e.,
assuming:
∫ π
0 F(θi)dθi = limǫθi→0
∫ π−ǫθi
ǫθi
F(θi)dθi = limǫθi→0
∫ π−ǫθi
ǫθi
F(π − θi)dθi, (iii) assuming the
fi(θi) introduced in (10) to make the base of the local T
3-fibered resolved warped deformed conifold
to be large, will globally be cot θi, and (iv) believing that the distinction between results with respect
to φ1 and φ2 arising due to the asymmetric treatment of the same while constructing A
IIA from triple
T-duals of F IIB1,3,5, being artificial and hence ignoring the same, using (A1) one sees that in the limit of
[2]: ∫
C
(1)
4 (θ1,θ2φ1,φ2)
G4
∣∣∣∣∣
〈ψ〉,〈r〉,〈x10〉
∼ ǫ−14Nf sin 〈ψ〉
2
;
∫
C
(2)
4 (θ1,θ2,φ1/2,x10)
G4
∣∣∣∣∣
〈ψ〉,〈φ2/1〉,〈r〉
∼ ǫ−9;
∫
C
(3)
4 (r,θ1,θ2,x10)
G4
∣∣∣∣∣
〈ψ〉,〈φ1,2〉
= 0;
∫
C
(4)
4 (r,θ1,φ1/2,x10)
G4
∣∣∣∣∣
〈θ2〉,〈ψ〉,〈φ2/1〉
= 0;
∫
C
(5)
4 (r,θ2,φ1/2,x10)
G4
∣∣∣∣∣
〈ψ〉,〈θ1〉,〈φ2/1〉
= 0;
∫
C
(6)
4 (r,θ2,ψ,x10)
G4
∣∣∣∣∣
〈θ1〉,〈φ1,2〉
= 0
Strictly Grθ2ψx10 ∼ O
(
g2sMNf
N
)
F1(θ1,2) +O(g2sMNf )F2(θ1,2).
We first take weak (gs) coupling − large t′Hooft coupling limit in Grθ2ψx10 itself to annul
this flux. Also, Grθ2ψx10 ∼
Nf
r
in the weak (gs) coupling − large t′Hooft coupling limit
and hence negligible for large r;
Similarly
∫
C
(7)
4 (r,θ1,ψ,x10)
G4
∣∣∣∣∣
〈θ2〉,〈φ1,2〉
= 0;
∫
C
(8)
4 (θ1,φ1/2,ψ,x10)
G4
∣∣∣∣∣
〈φ2/1〉,〈r〉,〈θ2〉
=
∫
C
(9)
4 (θ2,φ1/2,φ1/2,x10)
G4
∣∣∣∣∣
〈φ2/1〉,〈ψ〉,〈φ2/1〉,〈r〉
∼ ǫ− 596 ;
∫
C
(10)
4 (θ1,θ2,ψ,x10)
G4
∣∣∣∣∣
〈φ1,2〉,〈r〉
= 0
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Strictly Gθ1θ2ψx11 ∼ O
[
(g2sMNf )(gsNf )
(
gsM
2
N
)]
F3(θ1,2),
Again we first take weak (gs) coupling − large t′Hooft coupling limit in Gθ1θ2ψx10 itself
to annul this flux;∫
C
(11)
4 (r,θ2,φ1,φ2)
G4
∣∣∣∣∣
〈θ1〉,〈ψ〉,〈x10〉
= 0;
∫
C
(12)
4 (r,θ2,φ1,ψ)
G4
∣∣∣∣∣
〈θ1〉,〈φ2〉,〈x10〉
= 0;
∫
C
(13)
4 (r,θ1,φ1/2,ψ)
G4
∣∣∣∣∣
〈θ2〉,〈φ2/1〉,〈x10〉
= 0;
∫
C
(14)
4 (θ1,θ2,φ1/2,ψ)
G4
∣∣∣∣∣
〈φ2/1〉,〈r〉,〈x10〉
= 0
∫
C
(15)
4 (θ1/2,φ1,φ2,ψ)
G4
∣∣∣∣∣
〈θ2/1〉,〈x10〉,〈r〉
= 0, (36)
where we calculate flux of G4 through various four cycles C
I
4 . We have dropped contribution of
Grθ1θ2ψ, Grθ2φ1φ2 to Grmnpdr ∧ dxm ∧ dxn ∧ dxp as it is O
(
1
r
)
-suppressed as compared to the ones
retained, which is hence, dropped, at large r. From (36), one sees that the most dominant contribution
to all possible fluxes arises (near 〈ψ〉), in the large-r limit, from Gθ1θ2φ1x10 and Gθ1θ2φ2x10 . Using [3],
the large-r limit of the D = 11 metric can be written as:
ds211 = ds
2
AdS5 + gsM
2(ln r)2Σ1(θ1,2)dθ
2
1 +
g
11
6
s M2√
N
a4r4(ln r)2Σ2(θ1,2)dθ
2
2
+g
11
6
s r ln r
[
(gsN)
1
4MΣ3(θ1,2)dθ1 + g
2
sa
2r2Σ4(θ1,2)dθ2
]
dx10 + g
4
3
s dx
2
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+g
4
3
s M [Nfr ln rΣ5(θ1,2)dθ1 + a
2r2 ln rΣ˜5(θ1,2)dθ2]dφ1/2 + ds
2
M3(φ1,2,ψ)(θ1,2). (37)
Hence, asymptotically, the D = 11 space-time is a warped product of AdS5(R
1,3 × R>0) and an
M6(θ1,2, φ1,2, ψ, x10) where M6 has the following fibration structure:
M6(θ1,2, φ1,2, ψ, x10)←− S1(x10)
↓
M3(φ1, φ2, ψ) −→M5(θ1,2, φ1,2, ψ)
↓
B(θ1, θ2)←− [0, 1]θ1
↓
[0, 1]θ2
. (38)
Analogous to the F IIB3 (θ1,2) (with non-zero components being Fψφ1θ1 , Fψφ2θ2 , Fφ1φ2θ1 and Fφ1φ2θ2)
in Klebanov-Strassler background corresponding to D5-branes wrapped around a two-cycle which
homologously is given by S2(θ1, φ1)− S2(θ2, φ2) [27], the black M3-brane metric, asymptotically can
be thought of as black M5-branes wrapping a two cycle homologously given by: n1S
2(θ1, x10) +
n2S
2(θ2, φ1/2) +m1S
2(θ1, φ1/2) +m2S
2(θ2, x10) for some large n1,2,m1,2 ∈ Z.
A similar interpretation is expected to also hold in the MQGP limit of [3] - in the same however,
the analogs of (A1) are very tedious and unmanageable to work out for arbitrary θ1,2. But, we have
verified that in the MQGP limit,
∫
C4(θ1,2,φ1/2,x10)
G4
∣∣∣
〈φ2/1〉,〈ψ〉,〈r〉
will be very large. Warped products
of AdS5 and an M6 corresponding to wrapped M5-branes have been considered in the past - see [39].
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2.4 Ka¨hlerity from Torsion Classes and a Warped Deformed Conifold sLag in the
‘Delocalized’ Limit of [1], and Large-r and MQGP Limits
In this subsection, first, by calculating the five SU(3) structure torsion(τ) classes W1,2,3,4,5, we show
that in the MQGP limit of [3] and assuming the deformation parameter to be larger than the resolution
parameter, the non-Ka¨hler resolved warped deformed conifold of [2], in the large-r limit, reduces to
a warped Ka¨hler deformed conifold for which τ ∈ W5. Then, in the large-r limit, we show that the
local T 3 of [3] satisfies the same constraints as the one satisfied by a maximal T 2-invariant S(special)
L(agrangian) sub manifold of a T ∗S3 so that the application of mirror symmetry as three T-dualities
a la SYZ, in the MQGP limit of [3], could be implemented on the type IIB background of [2].
The SU(3) structure torsion classes [40],[41] can be defined in terms of J, Ω, dJ, dΩ and the
contraction operator y : ΛkT ⋆ ⊗ ΛnT ⋆ → Λn−kT ⋆, J being given by:
J = e1 ∧ e2 + e3 ∧ e4 + e5 ∧ e6,
and the (3,0)-form Ω being given by
Ω = (e1 + ie2) ∧ (e3 + ie4) ∧ (e5 + ie6).
The torsion classes are defined in the following way:
• W1 ↔ [dJ ](3,0), given by real numbersW1 =W+1 +W−1 with dΩ+∧J = Ω+∧dJ =W+1 J ∧J ∧J
and dΩ− ∧ J = Ω− ∧ dJ =W−1 J ∧ J ∧ J ;
• W2 ↔ [dΩ](2,2)0 : (dΩ+)(2,2) =W+1 J ∧ J +W+2 ∧ J and (dΩ−)(2,2) =W−1 J ∧ J +W−2 ∧ J ;
• W3 ↔ [dJ ](2,1)0 is defined as W3 = dJ (2,1) − [J ∧W4](2,1);
• W4 ↔ J ∧ dJ : W4 = 12JydJ ;
• W5 ↔ [dΩ](3,1)0 : W5 = 12Ω+ydΩ+ (the subscript 0 indicative of the primitivity of the respective
forms).
Depending on the classes of torsion one can obtain different types of manifolds, some of which are:
1. (complex) special-hermitian manifolds with W1 = W2 = W4 = W5 = 0 which means that
τ ∈W3;
2. (complex) Ka¨hler manifolds with W1 =W2 =W3 =W4 = 0 which means τ ∈W5;
3. (complex) balanced Manifolds with W1 =W2 =W4 = 0 which means τ ∈W3 ⊕W5;
4. (complex) Calabi-Yau manifolds with W1 =W2 =W3 =W4 =W5 = 0 which means τ = 0.
The resolved warped deformed conifold can be written in the form of the Papadopoulos-Tseytlin ansatz
[42] in the string frame:
ds2 = h−1/2ds2
R1,3
+ exds2M = h
−1/2dx21,3 +
6∑
i=1
G2i , (39)
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where [43],[44]:
G1 ≡ e(x(τ)+g(τ)/2 e1, G2 ≡ A e(x(τ)+g(τ))/2 e2 + B(τ) e(x(τ)−g(τ))/2 (ǫ2 − ae2) ,
G3 ≡ e(x(τ)−g(τ))/2 (ǫ1 − ae1) ,
G4 ≡ B(τ) e(x(τ)+g(τ))/2 e2 −A e(x(τ)−g(τ))/2 (ǫ2 − ae2) ,
G5 ≡ ex(τ)/2 v−1/2(τ)dτ ,
G6 ≡ ex(τ)/2 v−1/2(τ)(dψ + cos θ2dφ2 + cos θ1dφ1), (40)
wherein A ≡ cosh τ+a(τ)sinh τ ,B(τ) ≡ e
g(τ)
sinh τ . The eis are one-forms on S
2
e1 ≡ dθ1 , e2 ≡ − sin θ1dφ1 , (41)
and the ǫis a set of one-forms on S
3
ǫ1 ≡ sinψ sin θ2dφ2 + cosψdθ2 , ǫ2 ≡ cosψ sin θ2dφ2 − sinψdθ2 , ǫ3 ≡ dψ + cos θ2dφ2 . (42)
These one-forms are quite convenient to work with since they allow us to write down very simple
expressions for the holomorphic (3, 0) form
Ω = (G1 + iG2) ∧ (G3 + iG4) ∧ (G5 + iG6) , (43)
and the fundamental (1, 1) form
J =
i
2
[
(G1 + iG2) ∧ (G1 − iG2) + (G3 + iG4) ∧ (G3 − iG4) + (G5 + iG6) ∧ (G5 − iG6)
]
.
(44)
Substituting (40) into (39), one obtains:
ds26 =
1√
h
ds2
R1,3
+
ex(τ)
v(τ)
(
dτ2 + [dψ + cos θ1dφ1 + cos θ2dφ2]
2
)
+dθ21
(
eg(τ)+x(τ) + a(τ)2e−g(τ)+x(τ)
)
+
dφ21
(
1
2
(
a2(τ) + e2g(τ)
)
ex(τ)−g(τ)csch2(τ) sin2(θ1)
(
2a(τ)2(τ) + 4a cosh(τ) + 2e2g(τ)
+cosh(2τ) + 1)) + dθ22e
x(τ)−g(τ)
((
a2(τ) + e2g(τ)
)
sin2(ψ)csch2(τ)
+2a(τ) sin2(ψ) coth(τ)csch(τ) + sin2(ψ) coth2(τ) + cos2(ψ)
)
+ dφ22e
x(τ)−g(τ) sin2(theta2)((
a2(τ) + e2g(τ)
)
cos2(ψ)csch2(τ) +2a cos2(ψ) coth(t)csch(τ) + cos2(ψ) coth2(t) + sin2(ψ)
)
−2a(τ)e−x(τ)+g(τ) cosψdθ1dθ2 + dφ1dφ2aex(τ)−g(τ) cos(ψ)csch2(τ) sin(θ1) sin(θ2)(
2a2 + 4a cosh(t) + 2e2g(τ) + cosh(2τ) + 1
)
− a(τ)ex(τ)−g(τ) sin(ψ)csch2(τ) sin(θ1)(
2a2(τ) + 4a(τ) cosh(τ) + 2e2g(τ) + cosh(2τ) + 1
)
dθ2dφ1 − 2a(τ)e−x(τ)+g(τ) sinψ sin θ2dθ1dφ2.
(45)
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As r ∼ e τ3 , the large-r limit is equivalent to the large-τ limit, in which (45) approaches:
ds26 =
ex(τ)
v(τ)
(
dτ2 + [dψ + cos θ1dφ1 + cos θ2dφ2]
2
)
+
(
ex(τ)+g(τ) + a2(τ)ex(τ)−g(τ)
)
dθ21 + e
x(τ)−g(τ) sin2 θ1dφ21 + e
x(τ)−g(τ)dθ22
+ex(τ)−g(τ) sin2 θ22dφ
2
2 − 2aex(τ)−g(τ) [cosψ (dθ1dθ2 − sin θ1 sin θ2dφ1dφ2)+
+ sinψ (dθ1dφ2 sin θ2 + dθ2dφ1 sin θ1)] . (46)
In the MQGP limit of [3], the metric (46) matches the metric (1) and (1) with the identifications:
ex(τ)
v(τ)
∼
√
4πgsN
9
(
1 +O(r2he−
2τ
3 )
)
; v(τ) ∼ 3
2
[
1 +O
({
gsM
2
N
a2res, r
2
h
}
e−
2τ
3
)]
;
ex(τ) ∼
√
4πgsN
6
[
1 +O
(
gsM
2
N
a2rese
− 2τ
3
)]
;
g(τ) ∼ 0; a(τ) ∼ −2e−τ . (47)
The reason for the choice of a(τ) is the following. The cosψ, sinψ terms in [45] are given by: γ(τ)µ
2
ρ2
,
where ρ2 ∼ eτ and for large ρ, γ(τ) ∼ (sinh τ cosh τ−τ)
1
3
tanh τ → ρ
4
3 . Redefining r ∼ ρ 23 , these terms will
appear with a coefficient r2
(
µ2
r3
)
. Comparing with (1),(1), we see: h5 ∼ 1r3 ∼ e−τ . Note, (47)
satisfies the identity: e2g(τ) + a2(τ) = 1 [46]. Now, v(τ) of [44] is related to p(τ), x(τ) of [43] via:
ep(τ) = v(τ)
1
6 e−
x(τ)
3 . Using the same, the five SU(3) structure torsion classes were worked out in [43]
and are given in (B1).
For the six-fold to be complex, W1 = W2 = 0. This was shown in [43], to be equivalent to the
condition:
e2g(τ) + 1 + a2(τ)
2a(τ)
= − cosh τ. (48)
Using (47), we see that in the large-r limit subject to discussion below (2.1), (48) is approximately
satisfied. Using that in the large-τ limit, A ∼ 1 and B(τ) ∼ e−τ (without worrying about numerical
pre factors in the various terms in the final expressions) the five torsion classes are evaluated in (B1).
Hence, looking at the most dominant terms in the MQGP limit of [3], from (B1), we see that :
W1 ∼ e
−3τ
√
4πgsN
<< 1 (in the UV);
W2 ∼ (4πgsN)
1
4 e−3τ (dτ ∧ eψ + e1 ∧ e2 + ǫ1 ∧ e2) << 1 (in the UV);
W3 ∼
√
4πgsN
(
32
√
2
3
e−3τ (e1 ∧ ǫ1 + e2 ∧ ǫ2) ∧ eψ + 2
√
2
3
e2 ∧ ǫ1 ∧ dτe−τ + 32e1 ∧ ǫ2 ∧ dτe−3τ
)∣∣∣∣∣
θ1∼0; UV
<< 1;
W4 ∼ −2
3
e−g(τ)dτ = 2W 34 = 2W
3¯
4 ;
W
(3¯)
5 ∼ −
1
2
(dτ − ieψ) . (49)
implying that in the UV and near θi = 0, τ ∈ W4 ⊕W5 such that 23ℜeW 3¯5 = W 3¯4 = −13dτ implying
supersymmetry is preserved locally [43]. Obviously, in the strict τ → ∞ limit, one obtains a Calabi-
Yau three-fold in which W1,2,3,4,5 = 0.
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Switching gears, we will now show that in the large-r limit, the local T 3 of [3], satisfies the
constraints of a special Lagrangian three-cycle of the deformed conifold. Using [5], the following gives
the embedding equation of a T 2(φ1, φ2)-invariant sLag C3(φ1, φ2, ψ) in the deformed conifold T
∗S3:
K ′(r2)ℑm(z1z¯2) = c1,K ′(r2)ℑm(z3z¯4) = c2,ℑm(z21 + z22) = c3, (50)
which using the same complex structure as that for the singular conifold and K ′(r2) r>>1−→ r− 23 , (50)
yields:
r
7
3
(
cos2
θ1
2
cos2
θ2
2
+ sin2
θ1
2
sin2
θ2
2
)
cos(φ1 + φ2) = c1,
r
7
3
(
cos2
θ1
2
sin2
θ2
2
+ sin2
θ1
2
cos2
θ2
2
)
cos(φ1 + φ2) = c2, r
3sinθ1sinθ2cosψ = c3. (51)
The equations (51) can be solved to yield (C1)-(C2). From (C1) and (C2), one sees that dr =
rφ1dφ1 + rφ2dφ2, dθ1,2 = θ
(1),(2)
φ1
dφ1 + θ
(1),(2)
φ2
dφ2 + θ
(1),(2)
ψ dψ. One can show from (C1) and (C2))
that for (θ1, θ2) = (0/π, 0/π), (ψ, φ1, φ2) ≈ (0/2π/4π, π5 , π4 ). Now, the Ka¨hler form J and nowhere
vanishing holomorphic three-form Ω are respectively given by (C3) - (C4) [47]: In µ ≡ deformation
parameter << 1, r >> 1-limit near θ1 = θ2 = 0 implying near ψ = 0 (and φ1 =
π
5 , φ2 =
π
4 ), one sees
that:
J ∼ r 13dr ∧ (dφ1 + dφ2) = r
1
3 (rφ1 − rφ2)dφ1 ∧ dφ2,
Ω ∼ 2ırdr ∧ dθ1 ∧ dθ2 + r2dθ1 ∧ dθ2 ∧ (dψ + dφ1 + dφ2). (52)
One can show that near ψ = 0/2π/3π, φ1 =
π
5 , φ2 =
π
4 corresponding to θ1,2 ≈ 0, π:
rφ1,2 ∼ O(10)r<Λ implying rφ1 ∼ rφ2 ,
θ
(1),(2)
φ1,2
∼ −O(1),
θ
(1),(2)
ψ = 0, (53)
which defining the embedding i : C3(φ1, φ2, ψ) →֒ T ∗S3, implies:
i∗J = 0,
ℑm (i∗Ω) = 0, (54)
and
ℜe (i∗Ω) ∼ r2O(1)dφ1 ∧ dφ2 ∧ dψ. (55)
Now x ∼ (gsN)
1
4 sin〈θ〉φ1, y ∼ (gsN)
1
4 sin〈θ〉φ2, z ∼ (gsN)
1
4 ψ. In the MQGP limit of [3], we take
θ1,2 ∼ ǫ 156 , gs ∼ ǫ,N ∼ ǫ−39. So, as r→ rΛ, one obtains:
ℜe (i∗Ω) ∼ r
2
Λ
ǫ−
141
6
dx ∧ dy ∧ dz, (56)
implying that if rΛ →∞ as ǫ− 1416 , then
ℜe (i∗Ω) ∼ volume form (T 3(x, y, z)) .
A similar argument can be given in the limits of [2].
We hence see that in the large-r limit and the limits of (4), we were justified in [3] to have used
mirror symmetry a la SYZ prescription.
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3 Two-Point Functions of D7-Brane Gauge Field, R-charge and
Stress Energy Tensor, and Transport Coefficients
In this section, our basic aim is to calculate two-point correlation functions and hence transport
coefficients due to gauge field present in type IIB background and U(1)R gauge field and stress energy
tensor modes induced in the M-theory background by using the gauge-gravity prescription originally
formulated in [6]. Let us briefly discuss the strategy of calculations related to evaluation of retarded
two-point correlation functions to be used in further subsections and the basic formulae of different
transport coefficients in terms of retarded two-point Green’s function.
Step 1: Given that 11-dimensional background geometrically can be represented as AdS5 ×
M6 asymptotically, we evaluate the kinetic term corresponding to a particular field in the
gravitational action by integrating out the angular direction i.e.
S =
∫
d6yP(θi, φi, ψ, x11)
∫
d4xdu Q(u)(∂uφ)
2 + .... (57)
Step 2: Solve the EOM corresponding to a particular field in that background by considering
fluctuations around the same. Further, the solution can be expressed in terms of boundary fields
as:
φ(q, u) = fq(u)φ0(q), (58)
where φ(x, u) =
∫ d4q
(2π)4
e−iwt+iq.xφ(q, u) in the momentum space and u = rhr . The solution can
be evaluated by using boundary conditions φ(u, q) = φ(0) at u = 0 and incoming wave boundary
condition according to which φ(u, q) ∼ e−iwt at u = 1.
Step 3: Evaluate two-point Green’s functions by using
GR(k) = 2 F (q, u)|u=1(horizon)u=0(boundary) , where F (u, q) = P(θi, φi, ψ, x11)Q(u)f−q(u)∂ufq(u). (59)
In general, the transport coefficients in hydrodynamics are defined as response to the system after
applying small perturbations. The small perturbations in the presence of external source can be
evaluated in terms of retarded two-point correlation functions. For example, the shear viscosity from
dual background is calculated from the stress energy tensor involving spatial components at zero
momentum i.e.
η = lim
w→0
1
2w
∫
dtdxeiwtθ(t)〈[Txy/yz(0), Txy/yz(0)]〉. (60)
By applying a small perturbation to the metric of curved space, and assuming homogeneity of space,
one gets the Kubo’s relation to calculate shear viscosity [13]:
η = − lim
w→0
i
w
GR(w, q), (61)
where the retarded two-point Green’s function for stress-energy tensor components is defined as:
GRµρ,νσ(w,q) = −i
∫
d4xe−iq.xθ(t)〈[Tµρ(x), Tνσ(0)]〉. (62)
One can compute the above correlation function for different stress energy tensor modes by using the
steps defined above.
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Similarly, when one perturbs the system by applying an external field, the response of the system
to the external source coupled to current is governed by [10]:
GRµν(w,q) = −i
∫
d4xe−iq.xθ(t)〈[jRµ (x), jRν (0)]〉. (63)
In the low frequency and long distance limit, the j0 evolves according to overdamped diffusion equation
given as
∂0j
0 = D∇2j0, (64)
with dispersion relation w = −iDq2 generally known as Fick’s law. The diffusion coefficient ‘D′ can
be evaluated from the pole located at w = −iDq2 in the complex w-plane in the retarded two-point
correlation function of j0.
In (d+1) dimensional SU(N) gauge theory, in thermal equilibrium, the differential photon emission
rate per unit volume and time at leading order in the electromagnetic coupling constant e is given as
[20]:
dΓ
ddq
=
e2
(2π)d2|q|nB(w)
d−1∑
s=1
ǫµ(s)(q)ǫ
ν
(s)(q)χµν(q)
∣∣∣∣∣
w=q
. (65)
where q = (w,q) is the photon momentum and χµν is the spectral density given as:
χµν(q) = −2ℑmGRµν(q) (66)
and
GRµν(w,q) = −i
∫
d4xe−iq.xθ(t)〈[jEMµ (x), jEMν (0)]〉 (67)
is the retarded correlation function of two electromagnetic currents. The trace of spectral function
will be given as:
χµµ(q) = η
µνχµν(q) =
d−1∑
s=1
ǫµ(s)(q)ǫ
ν
(s)(q)χµν(q) (68)
The electrical conductivity in terms of trace of spectral function is defined as:
σ =
e2
2(d− 1) limw→0
1
w
χµµ(q)
∣∣∣∣
w=q
. (69)
We utilize the above expression to calculate the conductivity in the next subsection.
3.1 D7-Brane Gauge field fluctuations
The gauge field in the type IIB background as described in section 2 appears due to presence of
coincident Nf D7-branes wrapped around non-compact four-cycle in the resolved warped deformed
conifold background. The U(1) symmetry acting on the centre of U(Nf ) = SU(Nf ) × U(1) group
living on the world volume of D7-branes wrapped around non-compact four-cycle induces a non-zero
chemical potential. The spectral functions in the presence of non-zero chemical potential are obtained
by computing two-point correlation functions of gauge field fluctuations about background field [48]
which includes only a non-zero temporal component of gauge field.
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3.1.1 EOMs
Considering fluctuations of gauge field around non-zero temporal component of gauge field, we have
Aˆµ(u, ~x) = δ
0
µAt(u) +
˜˜Aµ(~x, u). (70)
It is assumed that fluctuations are gauged to have non-zero components only along Minkowski coor-
dinates.
The action for gauge field in the presence of flavor branes is given as:
ID7 = T7
∫
d8σe−φ(r)
√
det(i∗g + F ), (71)
where ‘g’ corresponds to the determinant of type IIB metric as given in equation (1), and i∗g gives
the pull back of 10D metric onto D7-brane world volume [3]. Introduce fluctuations around At(u),
Fµν → Fˆµν = ∂[µAˆν] and Aˆµ = At + ˜˜Aµ. Defining
G = i∗g + F,
the DBI Action will be given by
ID7 = T7
∫
d8σe−φ(r)
√
det(G + ˜˜F ). (72)
Expanding above in the fluctuations quadratic in field strength, the DBI action as worked out in [48]
can be written as :
I2D7 = T7
∫
d8σ e−φ(r)
√
|detG| ×
(
GµαGβγ ˜˜Fαβ
˜˜F γµ − 1
2
GµαGβγ ˜˜Fµα
˜˜F βγ
)
, (73)
and the EOM for A˜µ is:
∂ν
[√
|detG| ×
(
GµνGσγ −GµσGνγ −G[νσ]Gγν
)
∂[γ
˜˜Aµ]
]
= 0. (74)
Using above, the DBI action at the boundary will be given as:
I2D7 = T7
∫
d8σ e−φ(r)
√
|detG| ×
(
(Gtu)2 ˜˜At∂u
˜˜At −GrrGik ˜˜Ai∂u ˜˜Ak −AtGuttr(G−1F )
)∣∣∣u=0
u=1
.
(75)
We have already obtained the expression of Frt in [3] and the same is given as
Frt =
Ceφ(r)√
C2e2φ(r) + r6
. (76)
Considering u = rhr , we have
Fut = − Cu
2eφ(u)
rh
√
C2e2φ(u) + r6
. (77)
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Looking at the above expression, we see that at u = 0 (boundary), Fut → 0. The action in equation
(75) will get simplified and given as:
I(2)D7 = T7
∫
d8σ e−φ(u)
√
|detG| ×
(
−GuuGii ˜˜Ai∂u ˜˜Ai)
)∣∣∣u=0
u=1
. (78)
where i ∈ R1,3(t, x1, x2, x3) and
Gx1x1 = Gx2x2 = Gx3x3 = gx1x1 = gx2x2 = gx3x3 =
u2L2
r2h
, Gtt =
u2L2
g1(r
2
h − u4F 2ut)
Guu =
g1u
2r2h
L2(r2h − F 2utu4)
,
√
−G = r
3
h
u5
√
r2h − u4F 2ut. (79)
Defining gauge invariant field components
Ex1 = w
˜˜Ax1 + q
˜˜At, Eα = w
˜˜Aα, α = (x2, x3),
the DBI action in terms of these co-ordinates (using equation (99)) will be given as:
I(2)D7 = T7
∫
dwdq
(2π)3
e−φ(u)r2h
u
 Ex1∂uEx1(
q2 − w2g1
) − 1
w2
Ex2∂uEx2)

∣∣∣∣∣∣
u=0
u=1
. (80)
Defining the longitudinal electric field as Ex1(q, u) = E0(q)
Eq(u)
Eq(u=0)
, the flux factor as defined in [6] in
the zero momentum limit will be given as:
F(q, u) = −e
−φ(u)r2h
w2u
E−q(u)∂uEq(u)
E−q(u = 0)Eq(u = 0)
, (81)
and the retarded green function for Ex1 will be G(q, u) = −2F(q, u). The retarded green function for
˜˜Ax1 is w
2 times above expression and for q = 0, it gives
Gx1x! = −2F(q, u) =
2e−φ(u)r2h
u
∂uEq(u)
Eq(u)
∣∣∣∣∣
u=0
. (82)
The spectral functions in zero momentum limit will be given as:
Xx1x1(w, q = 0) = −2ImGx1x1(w, 0) = e−φ(u)r2hIm
[
1
u
∂uEq(u)
Eq(u)
]
u=0
. (83)
Since we are interested to obtain two-point Green’s function in the zero-momentum limit (q = 0), the
transverse and longitudinal components of electric field will be simply given as Ex1 = w
˜˜Ax1 , Ex2 =
w ˜˜Ax2 . In these set of co-ordinates, the above equations take the form as given below:
E′′x1 +
∂u
(√−GGuuGx1x1)√−GGuuGx1x1 E′x1 − GttGuuw2Ex1 = 0,
E′′x2 +
∂u
(√−GGuuGx2x2)√−GGuuGx2x2 E′x2 − GttGuuw2Ex2 = 0, (84)
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where the prime denotes derivative w.r.t u. The co-ordinates in Minkowski directions are chosen
such that the momentum four-vector exhibits only one spatial component i.e (−w, q, 0, 0). Writing
Aµ(~x, u) =
∫ d4q
(2π)4
e−iwt+iqx1A˜µ(q, u), incorporating the values of various metric components, setting
E(u) = Ex1(u) = Ex2(u), and w3 =
w
πT , and substituting the value of Fut and g1, we have:
E′′(u) +
(
− 4u
3
1− u4 −
1
u
+
√
3C2u5
g2sr
6
h +C
2u6
)
E′(u) +
w23
(1− u4)2E(u) = 0. (85)
From (85), one sees that u = 1 is a regular singular point and the roots of the indicial equation about
the same are given by: ± iw34 ; choosing ‘incoming wave’ solution, solutions to (85) sought will be of
the form:
E(u) = (1− u)−
iw3
4 E(u) ≡ (1− u)−
iw3
4 E(u), (86)
where E(u) is analytic in u. As one is interested in solving for E(u), analytic in u, near u = 0, (85)
will be approximated by:
(u− 1)2E′′(u)− (u− 1)
2E′(u)
u
+
w23
(1 + u2)2(1 + u)2
E(u) ≈ 0. (87)
One converts (87) into a differential equation in E . Performing a perturbation theory in powers of w3,
one looks for a solution of the form:
E(u) = E(0)(u) + w3E(1)(u) + w23E(2)(u) + ... (88)
Near u = 0: the solutions are given as under:
E(0)(u ∼ 0) = C
(0)
1
2
u2 + C
(0)
2 ;
E(1)(u ∼ 0) = C
(0)
1 u
2
2
+ C
(0)
2 +
iβ
4
(
C
(1)
1 u
3
2
− C
(1)
2 u
2
2
)
. (89)
To get non-zero conductivity, we will required C
(0)
1 ∈ C.
3.1.2 Electrical Conductivity, Charge Susceptibility and Einstein Relation
The conductivity, using (83),(89) and T = rh
π
√
4πgsN
[3], will be given as:
σ = lim
w→0
Xx1x1(w, q = 0)
w
=
r2hC
(0)
1
gsπT
=
π(4πgsN)T
gs
. (90)
Another physically relevant quantity is the charge susceptibility, which is thermodynamically de-
fined as response of the charge density to the change in chemical potential [49].
χ =
∂nq
∂µ
∣∣∣∣
T
, (91)
where nq =
δSDBI
δFrt
, and the chemical potential is defined as µ =
∫ rB
rh
Frtdr. Using the same, the charge
susceptibility will be given as:
χ =
(∫ rB
rh
dFrt
dnq
)−1
. (92)
23
From [3],
nq ∼
r3Frt
(
1
gs
− Nf lnµ2π
)
√
1− F 2rt
, µ ≡ embedding parameter, (93)
which using (76) implies:
1
χ
∼ 1(
1
gs
− Nf lnµ2π
) ∫ ∞
rh
dr
r3
(
1− F 2rt
) 3
2
=
1
6rh2
(gsNf log(µ)−1)
Cgs
(
C2gs2 + gs2Nf
2rh6 log
2(µ)− 2gsNfrh6 log(µ) + rh6
)
×
[(
C2gs
2 − 2gs2Nf 2rh6 log2(µ) + 4gsNfrh6 log(µ)− 2rh6
)
2F1
(
1
3
,
1
2
;
4
3
;− C
2gs
2
rh6(gsNf log(µ)− 1)2
)
+5rh
6(gsNf log(µ)− 1)2 2F1
(
−1
2
,
1
3
;
4
3
;− C
2gs
2
rh6(gsNf log(µ)− 1)2
)]
. (94)
For µ = 1 − ǫ, ǫ → 0+, C << 1 [3], in the MQGP limit [3] (and also the weak (gs) coupling-Strong
t’Hooft coupling limit [2]), one sees: χ ∼ r2hgs ∼ π(4πN)T 2.
The diffusion coefficient corresponding to non-zero charge density appear by demanding the lon-
gitudinal component of electric field strength to be zero i.e Ex2 = 0. As given in [49], the condition
provides with the expression of diffusion coefficient to be expressed as:
D = e−φ
√
GG00GuuGii
∣∣∣
u=1
∫ u=0
u=1
du
e−φ
√
GG00Guu
. (95)
Subtituting the values for above metric components as given in equation (79), after integration, we get
D = L
2
rh
+O(C2g2s/r8h) ∼ 1T . Using equations (91), (94) and (95), we get σχ ∼ 1T ∼ D, hence verifying
the Einstein relation.
3.2 R-Charge Correlators
The U(1)R-charges are defined in the bulk gravitational background dual to the rank of isometry group
corresponding to the spherical directions transverse to the AdS space. Given that the 11-dimensional
M-theory background corresponds to black M3-branes which asymptotically can be expressed as M5-
branes wrapped around two-cycles defined homologously as integer sum of two-spheres (as described
in section 2), there will be a rotational (R)- symmetry group dual to the isometry group U(1)×U(1)
corresponding to φ1/2 and ψ in the directions transverse toM5-branes wrapped around S
2(θ1, φ(2/1))+
S2(θ2, x10). To determine the diffusion coefficient due to the R-charge, one needs to evaluate the two-
point correlation function of A˜µ which basically will be a metric perturbation of the form hMµ where
M is a spherical direction and µ is an asymptotically AdS direction. As a first step, the A˜µ EOM is:
∂β
[
gµνgαβ
√
gF˜να
]
= 0. (96)
By defining u= rhr so that g1 = g2 = 1− u4, the black M3-brane metric of [3] reduces to the form
as given below:
ds2 = −g1g
− 2
3
s r2h
u2L2
dt2 +
g
− 2
3
s r2h
u2L2
(
dx21 + dx
2
2 + dx
2
3
)
+
g
− 2
3
s L2
u2g1
du2 + dM26, (97)
24
where dM26 = dM25 + g
4
3
s
(
d2x11 +A
F1 +AF2 +AF5
)2
, and in weak (gs) coupling-strong t’Hooft cou-
pling/ MQGP limit, the non-zero component include
dM25 = GMθ1θ1dθ21 +GMθ1θ2dθ1dθ2 +GMφ1θ1dφ1dθ1 +GMφ2θ1dφ2dθ1 +GMzθ1dψdθ1 +
+GM10θ1dx10dθ1 +G
M
θ2θ2dθ
2
2 +G
M
φ1θ2dφ1dθ2, G
M
φ2θ2dφ2dθ2 +G
M
ψθ2dyzdθ2 +G
M
10θ2dx10dθ2
+GMφ1ψ1dφ
2
1 +G
M
φ1φ2dφ1dφ2 +G
M
φ1ψdφ1dψ +G
M
yy dφ
2
2 +G
M
φ2ψdφ2dψ +G
M
ψψdψ
2 +GM10 10dx
2
10.
(98)
The simplified expressions of aforementioned metric components are given in [3].
Writing A˜µ(x1) =
∫ d4q
(2π)4
e−iωt+iqx1A˜µ(q, u) and working in the Au = 0 gauge, by setting µ =
u, x1, t, α(∈ R3) in (96) one ends up with the following equations:
w3A˜
′
t + g1q3A˜
′
x1 = 0,
A˜′′x1 −
1
u
A˜′x1 +
g′1
g1
A˜′x1 −
1
g21
(
w3q3A˜t + w
2
3A˜x1
)
= 0,
A˜′′t −
1
u
A˜′t −
1
g1
(
w3q3A˜t + q
2
3A˜x1
)
= 0,
A˜′′α −
1
u
A˜′α +
g′1
g1
A˜′α +
1
g21
(
w23 − g1q23
)
A˜α = 0. (99)
where α = (x2, x3). The simplest to tackle is the last equation as it is decoupled from the previous
three equations. One notices that the horizon u = 1 is a regular singular point and the exponents of
the indicial equation about the same are given by: ± iw34 ; one chooses the incoming-wave solution and
hence write A˜α(u) = (1− u)−
iw3
4 A˜α(u). The last equation in (99) then is rewritten as:
(1− u)2A˜′′α(u) +
(
iw3
2
(1− u)− (1− u)
[
4u3
(u+ 1)(u2 + 1)
− (u− 1)
u
])
A˜′α(u)
+
(
iw3
4
[
iw3
4
+ 1
]
+
[
w23 + (u
4 − 1)q23
]
(u+ 1)2(u2 + 1)2
)
A˜α(u) = 0. (100)
We make the following double perturbative ansatz for the solution to A˜α(u)’s EOM (100):
A˜α(u) = A˜(0,0)α (u) + q3A˜(1,0)α (u) + w3A˜(0,1)α (u) + q3w3A˜α(u)(1,1) + q23A˜(2,0)α (u) + ... (101)
Plugging (101) into (100) yields as solutions, near u = 0 up to O(u), (D1). In the w → 0, q → 0-limit,
one can take A˜α(0) ∼ c2. Also,
(1− u)− iw34 A˜(0,0) ′α (u) = −c1u+O(u2);
(1− u)− iw34 A˜(0,1) ′α (u) = −
ic2
4
+
1
16
(5πc1 +w3c2 − 16c3) u+O
(
u2
)
(1− u)− iw−34 A˜(2,0)α (u) = (−c3 + c2lnu)u+O(u2). (102)
The kinetic terms relevant to the evaluation of two-point correlators of A˜u,t,α in the MQGP limit are:
S = g
− 4
3
s r
2
hL
2 1
κ211ǫ
15
2
∫
d4xdu
1
u
[
(1− u4)
(
A˜′α
)2
+ (1− u4)
(
A˜′x
)2
−
(
A˜′t
)2]
(103)
25
Hence, the retarded Green’s function GRαα will be given as:
GR finiteαα ∼
1
u
A˜α,−q(u)
A˜α,−q(0)
∂u
(
A˜α,q(u)
A˜α,q(0)
)∣∣∣∣∣
u=0
∼ T
[
iw +
q2
πT
(
1
24
[−3 {8c2c3 + c1 [8c4 + c1(2Li3(−i) + 2Li3(i) + 3ζ(3))]}+ iπ3c21 − π2c2c1 − 6iπc3c1]
− 164π2c21 + 18π (−ic2 + 2c3) c1 − ic4c1 −
c22
4 + ic2c3
)]
.
(104)
On comparison with GRαα ∼ iw + 2DRq2 [25], one sees that there is a three-parameter family (which
in the c2 >> c1,3,4-limit are c1,3,4) of solutions to the R-charge fluctuation A˜α which would generate
DαR ∼ 1πT 4.
We now go to the A˜x1,t EOMs and observe that one can decouple A˜x1 and A˜t, and obtain, e.g.,
the following third order differential equation for A˜x1 :
(1− u4)2A˜′′′x1(u)− (1− u4)
{
(1− u4) + 12u3} A˜′′x1(u)− [4u2(1− u4)− 16u6 − q23(1− u4)
+w23
]
A˜′x1 = 0. (105)
One notes that u = 1 is a regular singular point of the second order differential equation (105) in
A˜′x1 . The exponents of the indicial equation are −1± iw34 ; choosing the incoming-boundary-condition
solution, we write A˜′x1 = (1 − u)−1−
iw3
4 A˜′x1 and assume a double perturbative series for solution to
the second order differential equation satisfied by A˜′x1 of the form:
A˜′x1(u) = A˜(0,0) ′x1 (u) + w3A˜(0,1) ′x1 (u) + q23A˜(2,0) ′x1 (u) +O(w23, w3q23). (106)
The equations that one obtains at various orders of (106), if to be solved exactly, are intractable.
We will be content with their solutions near u = 0. They are given in (D3) and are of the form:
A˜(0,0) ′x1 ≡ a+ bu+ cu2 +O(u2).
The solutions of A˜(2,0) ′x1 and A˜(0,1) ′x1 require more work. Going even up to O(u2) for the same is
intractable. Given that we would be needing for the purpose of evaluation of the retarded Green’s
function GRx1x1 solutions only up to O(u→ 0), we give below solutions up to O(u).
One can show that A˜(0,1) ′x1 (u), up to O(u), will be given by the expansion of (D2) up to O(u).
After some MATHEMATICAlgebra, one can show:
A˜01x1(u) ≈ (7.4 − 1.8i)c1 + (25.5 − 45.4i)c2 +
[
(−4.8 + 5i)c1 − (55.7 − 108.3i)c2
]
u+O(u2) (107)
One can similarly show that A˜(2,0) ′x1 (u), up to O(u), will be given by the expansion, up to O(u),
of (D4). Again after some MATHEMATICAlgebra, one hence obtains:
A˜(2,0)x1 (u) ≈ (7.4 − 1.8i)c1 + (40.2 − 5.4i)c2 +
[
(−4.8 + 5i)c1 − (12.1 − 26.7i)c2
]
u+O(u2). (108)
4In c2 >> c1,3,4-limit, D
α
R =
24c3+π
2c1
12πA˜0
α
.
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Now, writing:  A˜
(0,0) ′
x1 (u)
A˜(0,1) ′x1 (u)
A˜(2,0) ′x1 (u)
 =
 a(c2) b(c1, c2)a˜(c1, c2) B˜(τ)(c1, c2)
˜˜a(c1, c2)
˜˜B(τ)(c1, c2)
( 1
u
)
, (109)
one obtains:
A˜′x1 = (1− u)−1−
iw3
4
[
a(c2) + w3a˜(c1, c2) + q
2
3
˜˜a(c1, c2) +
(
b(c1, c2) + w3B˜(τ)(c1, c2)
+q23
˜˜B(τ)(c1, c2)
)
u+O(u2)
]
,
A˜′′x1(u) =
(
1 +
iw3
4
)
(1− u)−2− iw34
[
a(c2) + w3a˜(c1, c2) + q
2
3
˜˜a+
(
b(c1, c2)
+w3B˜(τ)(c1, c2) + q
2
3
˜˜B(τ)(c1, c2)
)
u+O(u2)
]
+ (1− u)−1− iw34
[(
b(c1, c2) + w3B˜(τ)(c1, c2)
+q23
˜˜B(τ)(c1, c2)
)
+O(u)
]
. (110)
As in the differential equation:
A˜′′x1(u)−
(
4u3
1− u4 +
1
u
)
A˜′x1(u)−
w3q3A˜t + w
2
3A˜x1
(1− u4) = 0, (111)
we require A˜′x1(u) to be well-defined at u = 0, one has to impose the following constraint on c1, c2:
a(c2) + w3a˜(c1, c2) + q
2
3
˜˜a(c1, c2) = 0. (112)
As,  aa˜
˜˜a
 ≈
 0 αa1 b1
a2 b2
( c1
c2
)
, (113)
one sees that:
c1 = c2
(−α− w3b1 − q23b2
w3a1 + q23a2
)
. (114)
Substituting (110) into (111) evaluated at u = 0, one obtains:
w3q3A˜
0
t + w
2
3A˜
0
x1 = 0. (115)
As,  bB˜(τ)
˜˜B(τ)
 ≈
 0 βp1 q1
p2 q2
( c1
c2
)
, (116)
one realizes that:
A˜′x1(u) = (1− u)−1−
iw3
4 c2u
[
w3(a1β − p1α) + q23(a2β − p2α) +O(w23, w3q23, u2)
]
(a1w3 + a2q23)
. (117)
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This yields:
A˜x1(u) = (1− u)−
iw3
4 c2
[
w3(a1β − p1α) + q23(a2β − p2α) +O(w23 , w3q23 , u2)
]
(a1w3 + a2q23)
4− iw3u
w3(4i + w3)
+ c3. (118)
Thus, the retarded Green’s function GRxx will be given by:
GRx1x1 ∼ limu→0
1
u
A˜x1,q∂uA˜x1,−q(u). (119)
The constants of integration c2, c3 must satisfy:
c2
[
w3(a1β − p1α) + q23(a2β − p2α)
]
(a1w3 + a2q23)
4
w3(4i+ w3)
+ c3 = A˜
0
x1 . (120)
Choose:
c2
[
w3(a1β − p1α) + q23(a2β − p2α)
]
w3(4i+ w3)
∼ O(w3), (121)
which can be fine tuned to ensure c3 ≈ A˜0x1 . Thus, the retarded Green’s function GRx1x1 will be given
by:
GRx1x1 ∼ limu→0
1
u
(
A˜x1,q(u)
A˜x1,q(u = 0)
)
∂u
(
A˜x1,−q(u)
A˜x1,−q(u = 0)
)
∼ T
(
w2
iw − ia2πTa1 q2
)
. (122)
Now a1 = a2 and if one were to consider the O(w3q03) term to be iw3A˜(0,1)x1 (u), then upon comparison
with GRx1x1 ∼ w
2
iw−DRq2 [25], one sees that D
x1
R =
1
πT . By requiringD
x1
R = D
α
R, one sees that in fact that
there is a two-parameter family of solutions that would generate DR =
1
πT as, in the c2 >> c1,3,4-limit
as an example, one generates a constraint: 24c3+π
2c1
12A0α
= 1.
3.3 Stress Energy Tensor Modes
The two point function of stress-energy tensors are obtained by considering small perturbations of the
five-dimensional metric, gµν = gµν(0)+hµν . Up to first order in the metric perturbation (dropping G4
flux contributions) the Einstein equation as given in [25]:
R(1)µν =
2
d− 2Λhµν , (123)
where d is dimension of AdS space. To linear order in hµν , Ricci scalar will be given by [51]:
R(1)µν = Γα(1)µν,α − Γα(1)µα,ν + Γβ(0)µνΓα(1)αβ + Γβ(1)µνΓα(0)αβ − Γβ(0)µαΓα(1)νβ − Γβ(1)µαΓα(0)νβ , (124)
where
Γ(1)αµν = −gαβ(0)hβγΓγµν +
1
2
gαβ(0) (hβµ,ν + hβν,µ − hµν,β) . (125)
The five-dimensional metric in M-theory background in the limits of (4), is as follows:
ds2 = −g1g
− 2
3
s r2h
u2L2
dt2 +
g
− 2
3
s r2h
u2L2
(
dx21 + dx
2
2 + dx
2
3
)
+
g
− 2
3
s L2
u2g1
du2. (126)
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We assume the perturbation of metric of M3-branes to be dependent on x1 and t only i.e after
Fourier decomposing the same, we have hµν(~x, t) =
∫ d4q
(2π)4
e−iwt+iqx1hµν(q, w) and choose the gauge
where hµu = 0. In case of M3-branes, there will be rotation group SO(2) acting on the directions
transverse to u, t, and x1. Based on the the spin of different metric perturbations under this group ,
the same can be classified into groups as follows:
(i) vector modes: hx1x2 , htx2 6= 0 or hx1x3 , htx3 6= 0, with all other hµν = 0.
(ii) Scalar modes: hx1x1 = hx2x2 = hx3x3 = htt 6= 0, hx1t 6= 0, with all other hµν = 0.
(iii) Tensor modes: hx2x3 6= 0, with all other hµν = 0.
We are interested to calculate shear viscosity in the context of M3-brane by obtaining correlator
functions corresponding to vector and tensor modes.
3.3.1 Metric Vector Mode Fluctuations
The vector mode fluctuations will be given by considering non-zero htx2 and hx1x2 components with
all other hµν = 0 [25]. Since the aforementioned metric is conformally flat near u = 0, one can make
a Fourier decomposition at large r such that:
hx2t = e
−iwt+iqx1Ht(u),
hx2x1 = e
−iwt+iqx1Hx1(u). (127)
Using the aforementioned in equation (124) and (125), we get the following linearized Einstein equation
for Ht and Hx1 .
w3H
′
t + g1q3H
′
x1 = 0,
H ′′x1 −
(4− 52g1)
ug1
H ′x1 +
1
g21
(
w3q3Ht + w
2
3Hx1
)
+
 8
u2g1
−O(1)g
2
3
s L2Λ
u2g1
Hx1 = 0,
H ′′t −
3
u
H ′t −
1
g1
(
w3q3Hx1 + q
2
3Ht
)
+
 8
u2g1
−O(1)g
2
3
s L2Λ
u2g1
Ht = 0. (128)
where Λ is the cosmological constant arising from |G4|2 and higher order corrections (O(R4)). It is
shown in [3] that the higher order corrections are very subdominant as compared to flux term in both
limits.
The dominant flux term as calculated in [3] is given by∣∣G24∣∣√
GM
∼ H2θ1θ2φ2GM θ1θ1GM θ2θ2GM φ2φ2GM 10 10, (129)
29
and the simplified components are given as:
GM θ1θ1 ∼
3
√
3 3
√
1
gs
√
gsN
√
πN
GM θ2θ2 ∼ 27
3
√
3
√
gsN tan
2(θ1) csc
2(θ2)
2
√
π 3
√
gsNf2(θ2)2
GM φ2φ2 ∼ 6912
3
√
3 sin7(θ1) cos(θ1) cot
3(θ2) csc
4(θ2)
√
π
(
1
gs
)2/3√
gsN(cos(2θ1)− 5)3
GM 10 10 ∼ 3 3
√
3
(
1
gs
)4/3
Hθ1θ2φ2 ∼
√
πf2(θ2)
√
gsN sin(θ1) cos(θ1) sin
3(θ2) sin(2θ2) cos(θ2)
3
(
sin2(θ1) cos2(θ2) + cos2(θ1) sin
2(θ2)
)2 . (130)
Incorporating the aforementioned expressions in (129) and assuming that integrand receives dominant
contribution along θ1,2 = 0, π, we introduce a cut-off θ1,2 ∼ ǫ 156 in the MQGP limit of [3]. Utilising
this and integrating over rest of the 11-dimensional components,
Λ =
∫
dudM6
∣∣∣∣ G24√
GM
∣∣∣∣2 ∼ c1 2gs 23 ǫ 1533L2 , (131)
where c1 is constant. Analogous to a partial cancelation in [25] of the coefficient of Hx originating
from R
(1)
µν and the cosmological constant contribution from the Λhµν term in (123), assuming that
2c1ǫ
5
3
3 = 8 in weak (gs) coupling-string t’Hooft limit and
2c˜1ǫ
15
3
3 = 8 in MQGP limit after incorporating
value of Λ in (128), we assume that the 1u2g1 -term will be canceled out with term appearing in the
coefficient of Hx1,t in Hx1(x1, t)’s EOM (128). Hence the linearized set of EOM will be given as
w3H
′
t + g1q3H
′
x1 = 0,
H ′′x1 −
(4− 52g1)
ug1
H ′x1 +
1
g21
(
w3q3Ht + w
2
3Hx1
)
= 0,
H ′′t −
3
u
H ′t −
1
g1
(
w3q3Hx1 + q
2
3Ht
)
= 0. (132)
To obtain two-point function at the asymptotic boundary, one needs to determine the kinetic term
for vector modes Hx1 and Ht. The same can be calculated using the Einstein-Hilbert action up to
quadratic order in hµν given as:
S =
1
2K211
∫ √
ggµν
(
Γ
(1)α
µβ Γ
(1)β
µν − Γ(1)αµν Γ(1)βαβ
)
+
1
2κ211
∫ √
ggµν
(
Γ
(2)α
µβ Γ
β
να + Γ
α
µβΓ
(2)β
να − Γ(2)αµν Γβαβ − ΓαµνΓ
(2)β
αβ
)
+
1
16κ211
∫ √
g
[
8hµσh
σν − 4hhµν + (h2 − 2hστhστ ) gµν] (ΓαµβΓβνα − ΓαµνΓβαβ)
+
1
4κ211
∫ √
g (gµν − 2hµν)
(
Γ
(1)α
µβ Γ
β
να + Γ
α
µβΓ
(1)β
να − Γ(1)αµν Γβαβ − ΓαµνΓ(1)βαβ
)
. (133)
30
where
Γ(1)αµν =
1
2
gαβ (∇νhβµ +∇µhβν −∇βhµν)
Γ(2)αµν = −gαβgγδhβδ (∇µhγν +∇νhµγ −∇γhµν) . (134)
The only first two terms in the action will be relevant to get the kinetic term for vector modes. Solving
the same, we get:
S =
1
8κ211
∫
d11x
√
GMGMuuGMx2x2
[
−GMx1x1 (H ′x1)2 −GMtt (H ′t)2 + ...] . (135)
The very simplified form of 11-dimensional metric in θi → 0 limit will be given by
√
GM ∼ g
− 8
3
s L2r4h
u5
cot3 θ2 sin θ2f2(θ2). (136)
Using the fact that integrand possess maximum contribution along θ = 0, π, we assume that result of
integration along θ1,2 will be given by sum of the contribution of integrand at θ1,2 = 0, π. In [3], we
have introduced a cut-off θ1,2 ∼ αθǫ
15
6 in ‘MQGP’ limit where ǫ . 1, αθ << 1 in the MQGP limit of
[3]. Using the same and equation (126), the simplified action, in the MQGP limit, will be given as:
S ∼ ǫ− 152 r
4
h
K211g
2
s
∫
du d4x
1
u3
[(
H ′t
)2 − g1 (H ′x1)2] . (137)
According to the Kubo’s formula as mentioned in the beginning of section 4, shear viscosity is defined
as η = − limw→0
[
1
wℑmGx1x2,x1x2
]
. In the q3 → 0 limit, the Ht and Hx1 decouple and the EOM for
‘Hx1 ’ becomes:
H ′′x1(u)−
[4− 52(1− u4)]
u(1− u4) H
′
x1(u) +
[
ω23
(1− u4)2 +
α
u2(1− u4)
]
Hx1(u) = 0, (138)
where u = 1 is thus seen to be a regular singular point with exponents of the corresponding indicial
equation given by: ± iw34 . Choosing the ‘incoming boundary condition’ exponent, we will look for
solutions of the formHx1(u) = (1−u)−
iw3
4 Hx1(u), Hx1(u) being analytic in u. Assuming a perturbative
ansatz for Hx1(u) : Hx1(u) = H(0)x1 (u) + w3H(1)x1 (u) + w23H(2)x1 +O(w33), we obtain:
O(w03) : (u− 1)2H(0) ′′x1 (u) +
[4− 52 (1− u4)](u− 1)
u(1 + u)(1 + u2)
H(0) ′x1 (u) +
α(u− 1)
u2(u+ 1)(u2 + 1)
H(0)x1 (u) = 0,
(139)
where α ≡ 8−O(1)g−
2
3
s L2Λ. The solution to (139) for arbitrary α is given as:
H(0)x1 (u, α) = (−1)
1
16(5−
√
16α+25)u
5
4
− 1
4
√
16α+25 ×(
c˜1 2F1
[
1
16
(
5−√25 + 16α) , 1
16
(
11−√25 + 16α) , 1− 1
8
√
16α+ 25;u4
]
(−1) 18
√
16α+25c˜2u
1
2
√
16α+25
2F1
[
1
16
(
5 +
√
25 + 16α
)
,
1
16
(
11 +
√
25 + 16α
)
,
1
8
(√
16α + 25 + 8
)
;u4
])
.
(140)
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One hence notices that H
(0)
x1 (u = 0, α) 6= 0 for α = 0 for which we will henceforth write:
H(0)x1 (u) = −
2
5
c1u
5/2 +
1
4
iπc1 + c2 +O(u
13
2 ). (141)
In terms of c˜1,2 H(0)x1 (u) = c˜1 + c˜2e
5iπ
8 u
5
2 2F1
(
5
8 , 1,
13
8 ;u
4
)
.
Assuming α = 0 henceforth, H(1)x1 (u) will be determined by the following differential equation:
(u− 1)2H(1)′′x1 (u)−
i
2
(u− 1)H(0) ′x1 (u) +
i
4
H(0)x1 (u)−
i
4
[4− 52(1− u4)]
u(u+ 1)(u2 + 1)
H(0)x1 (u)
+
i
4
[4− 52(1− u4)](u− 1)
u(u+ 1)(u2 + 1)
H(1) ′x1 (u) = 0. (142)
Near u = 0, (142) is solved to yield:
H(1)x1 (u) = c4 +
1
16
(−4c2 − iπc1) iu+ 2
5
ie3/2c3u
5/2 + u7/2
(
−3c1i
70
+
6
7
ie3/2c3
)
+O(u 92 ).
(143)
Imposing boundary condition on Hx1(u) at u = 0, assuming c1,2 >> c4, yields: Hx10 ≈ iπc14 + c2.
Hence, setting κ211 ∼ O(1)(gsN)
3
4 , and defining cot3〈θ2〉 sin〈θ2〉f2(〈θ2〉)|
θ2∼ǫ
3
2
∼ O(1)ǫ−β ≡ ǫ− 152 for
the the MQGP limit [3]:
lim
w→0
[
lim
q→0
1
w
ℑmGRx1x2,x1x2(w, q)
]
u=0
∼ O(1)T 3 (4π)
2N
5
4
O(1)g
3
4
s
ǫ−β
(i)/(ii)
lim
w→0
1
u3
ℑm
[(
Hx1,q(u)
iπc1
4 + c2
)(
H ′x1,−q(u)
iπc1
4 + c2
)]
u=0
∼ (4π)
2O(1)N 54
O(1)πg
3
4
s
ǫ−β
(i)/(ii)ℑm
(
− 164 i (πc1 − 4ic2)2[
iπc1
4 + c2
]2
)
T 3 =
4πN
5
4O(1)ǫ−β(i)/(ii)
O(1)g
3
4
s
T 3. (144)
Using s = O(1)r3h = O(1)(4π)
3
2 (gsN)
3
2T 3 [3], we obtain ηs =
O(1)ǫ−β(i)/(ii)
√
4πg
9
4
s N
1
4 (O(1))2
, which, writing gs =
α
(i)/(ii)
gs ǫ,N = α
(i)/(ii)
N ǫ
−19/−39 in the aforementioned two limits (i) and (ii), is O(1)ǫ
5
3
(O(1))2
(
α
(i)
gs
) 9
4
(
α
(i)
N
) 1
4√4π
in the limit of [2]. If one assumes that the introduction of M fractional D3-branes and Nf flavour
D7-branes does not have a significant effect on the 10D warp factor h, then in the limit of [2] effected
as the first limit of (4), one can show that ǫ can not be taken to be much smaller than around 0.01.
One can choose appropriate α
(i)
gs,N
∼ 1O(1) such that O(1)ǫ
5
3
(O(1))2
(
α
(i)
gs
) 9
4
(
α
(i)
N
) 1
4
= 1√
4π
, implying one can
generate ηs =
1
4π .
In the more important MQGP limit, one obtains: ηs =
O(1)ǫ 153
(O(1))2
(
α
(ii)
gs
) 9
4
(
α
(ii)
N
) 1
4
. Now, in the MQGP
limit, ǫ is less than but close to unity, hence yet again we can choose α
(ii)
gs,N
∼ 1O(1) such that
O(1)ǫ 153
(O(1))2
(
α
(ii)
gs
) 9
4
(
α
(ii)
N
) 1
4
= 1√
4π
hence implying ηs =
1
4π .
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3.3.2 Metric Tensor Mode Fluctuations
To obtain the correlations function corresponding to tensor mode, we consider a fluctuation of M3-
brane metric of the form hx2x3 6= 0 with all other hµν = 0 [25]. By Fourier decomposing the same,
hx3x2(u, ~x) = e
−iwt+iqx1φ(u). (145)
Using equations (123) and (124), the linearized Einstein EOM for φ(u) by will be given as:
φ′′(u)− (3 + u
2)
u(1− u4)φ
′(u) +
1
(1− u4)
[
w23 − (1− u4)q23
]
φ(u) = 0. (146)
The horizon u = 1 is a regular singular point and the roots of the indicial equation around this are
± iw34 ; choosing the incoming-wave boundary condition, φ(u) = (1− u)−
iw3
4 Φ(u) and writing a double
perturbative ansatz:
Φ(u) = Φ(0,0)(u) + w3Φ
(0,1)(u) + q23Φ
(2,0)(u) + ..., (147)
the solutions near u = 0, up to O(u4) are given below:
Φ(0,0)(u) = c1 + c2 −
c1 tanh
−1
(
1√
2
)
√
2
− 1
4
c1u
4 +O(u5);
Φ(0,1)(u) =
(
c4 − 2e
3c3
9
)
+
1
8
iu
(
−2c1 − 2c2 +
√
2c1 tanh
−1
(
1√
2
))
− 1
4
(
e3c3
)
u4 +O (u5) ;
Φ(2,0)(u) =
1
8
u2
[
c1
(√
2 tanh−1
(
1√
2
)
− 2
)
− 2c2
]
+ u3
c1 + c2 − c1 tanh−1
(
1√
2
)
√
2

+
1
64
u4
[
−108
{
c1
(√
2 tanh−1
(
1√
2
)
− 2
)
− 2c2
}
log(u) + 342c2 − 16e3c3
−171c1
(√
2 tanh−1
(
1√
2
)
− 2
)]
+O (u5) . (148)
Writing:
φ(u) = (1− u)− iw34 [a1 + f1u4 + w3 (a2 + b2u+ f2u4)+ q23 (c3u2 + d3u3 + g3u4lnu)] , (149)
the boundary condition yields: φ0 ≈ a1 + w3a2 c1,2>>c3,4−→ a1. The kinetic term for φ is given by:
cot3〈θ2〉f2(〈θ2〉)sin〈θ2〉
(
r4h
g2sκ
2
11
)∫
dud4x
g1(u)(φ
′)2
u3
. (150)
Hence, using (150) and Kubo’s formula:
η = lim
w→0
1
w
(
lim
q→0
ℑm (GRx2x3,x2x3))
∼ (4π)
2O(1)N 54
O(1)g
3
4
s
ǫ−β
(i)/(ii)
lim
w→0
1
w
(
lim
q→0
1
u3
ℑm (φq(u)φ′−q(u)))∣∣∣∣
u=0
∼ T 3 (4π)
2O(1)N 54
O(1)πg
3
4
s
ǫ−β
(i)/(ii) 4ℑm(f2)
πa1
, (151)
33
which utilizing s = O(1)r3h = O(1)(4π)
3
2 (gsN)
3
2T 3 [3], yields ηs = − 2O(1)ǫ
−β(i)/(ii)
√
πg
9
4
s N
1
4 (O(1))2
e3ℑm(c3)
πφ0
. Therefore
for ℑm(c3) : − e
3O(1)ℑm(c3)ǫ
5
3 ,
15
3
(O(1))2
(
α
(i),(ii)
gs
) 9
4
(
α
(i),(ii)
N
) 1
4
= 1
4
√
π
, one obtains: ηs =
1
4π .
4 Summary and Outlook
Given the strong-coupling nature of QGP it is believed that the same will be better described in the
limit of finite gauge coupling (or string coupling from the string theory dual perspective) [29]. With
this as the basic motivation, the black M3-branes in [3] were obtained as a solution to the M-theory
uplift of resolved warped deformed conifold in the ‘delocalized’ limit of [1] (in conformity with the
non-locality of T duality transformations), constructed by using modified ‘OKS-BH’ background [2]
given in the context of Type IIB string theory involving N D3-branes placed at the tip, Nf D7-branes
wrapped around a four-cycle in and M D5-branes wrapping an S2 inside a resolved warped deformed
conifold, in particular in the MQGP limit discussed in [3]: finite gs, finite gsM,Nf , g
2
sMNf , very large
gsN , and very small
gsM2
N . Given the finite string coupling, such a limit could have been meaningfully
discussed only in M theory, which is what we did in [3]. The thermodynamical stability of the M-
theory uplift in the same limit was demonstrated in [3] by showing positivity of specific heat. Also,
it was shown in [3] that the black M3-branes’ near-horizon geometry near the θ1,2 = 0, branches,
preserved 18 supersymmetry. By using the KSS prescription [12], we had calculated in [3] the diffusion
coefficient to be 1T in both type IIB and type IIA backgrounds, and the η/s turned out to be
1
4π in
the type IIB, Type IIA at finite string coupling (as part of the MQGP limit).
The flow-chart of our calculations and results are summarized in Fig.1. After having explicitly
shown that the uplift obtained in [3] in the ‘delocalized’ limit of [1], is a solution to the D = 11 SUGRA
EOMs in the MQGP limit, we have looked at the following two aspects at finite string coupling (and
hence from an M-theory perspective) as part of the MQGP limit of [3]:
• Geometry of black M3-branes in the MQGP limit of [3]: By evaluating the flux(/charge)
of(/corresponding to) G4 by integrating over all (non)compact four cycles, the black M3-branes,
asymptotically, were shown to be black M5-branes wrapping a two-cycle homologously given by
(large)integer sum of two-spheres in AdS5×M6. As shown in [32], the supersymmetry breaking
measured by violation of the ISD condition of the flux G3, is proportional to the square of the
resolution parameter which in turn (turning off a bare resolution parameter, or assuming it be
extremely small) goes like O
(
gsM2
N r
2
h
)
; in the MQGP limit of [3], we hence disregard the same.
By comparing the non-Ka¨hler resolved warped deformed conifold (NKRWDC) metric with the
one of [42, 43, 44] and hence evaluating the five SU(3) torsion(τ) classes W1,2,3,4,5, we show
that in the MQGP limit of [3], for extremely large radial coordinates, the NKRWDC (i)locally,
preserves supersymmetry as τ ∈W4⊕W5 : 23ℜeW 3¯5 =W 3¯4 (similar to Klebanov-Strassler solution
[43]), and (ii) is asymptotically a Calabi-Yau as W1,2,3,4,5 = 0 (as expected). Further, to permit
use of SYZ symmetry, in addition to the large base of the T 3 used for triple T dualities in [3],
one requires this three-cycle to be special Lagrangian. We explicitly prove that the local three-
torus T 3 of [3] satisfies the constraints satisfied by the maximal T 2-invariant special Lagrangian
submanifold of a deformed conifold of [5], in the MQGP limit of [3].
• Transport Coefficients of Black M3-Branes in MQGP Limit of [3]: Exploiting the
aforementioned asymptotic AdS5×M6 background and based on the prescription of [6] , we have
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evaluated at finite string coupling (as part of the MQGP limit), different transport coefficients
by calculating fluctuations of metric as well as gauge field corresponding to D7-brane living on
the world volume of non-compact four cycle in the (warped) deformed conifold and R-symmetry
group present in the M-theory. However, to do the same, we need to extract out the five
dimensional AdS metric by integrating out all r-independent angular directions. Going ahead,
to calculate the two-point correlator/spectral functions, we evaluate the EOMs for U(1)Nf -gauge
field, U(1)R gauge field as well as vector and tensor modes and then evaluate the solutions by
double perturbative ansatze up to O(w3, q23). The electrical conductivity, diffusion coefficient
and charge susceptibility obtained due to U(1)Nf gauge field satisfy Einstein’s relation, which is
a reasonable check of our results. Similarly, we show that one can calculate shear viscosity from
vector and tensor modes by using Kubo’s formula such that η/s turns out5 to be 14π , which is
expected for any theory obeying gauge-gravity correspondence.
Our results, we feel, are significant in the sense that the same have been obtained in the context
of M-theory background [3] that are valid even for finite coupling constant gs, which in fact could
be more appealing to studying aspects of ‘strongly coupled Quark Gluon plasma plasma’ and might
bring one closer to the results obtained using experimental data at RHIC. We repeat, as we wrote
in sec. 1, we are not aware of previous attempts at evaluation of transport coefficients such as shear
viscosity (η), diffusion constant (D), electrical conductivity (σ), charge susceptibility (χ), etc. of
large-N thermal QCD-like theories at finite gauge coupling or equivalently finite string coupling, and
hence correctly addressable only from M-theory perspective. It is for this reason that we feel that our
results: η ∼ T 3,D,DR ∼ 1/T, χ ∼ T 2 (such that D = σ/χ), etc. (apart from scalings w.r.t N , etc.)
serve as M-theory predictions for sQGP.
For the future, it would be interesting to extend these calculations to compute “second speed of
sound” by working out two-point correlator functions of scalar modes of stress energy tensor. One
can also calculate thermal conductivity corresponding to R-charge correlators and check if the ratio
of thermal conductivity and viscosity satisfies Wiedemann-Franz law. Also, one should obtain the
holographic spectral function by using non-abelian SU(Nf ) gauge field background and produce the
expected continuos meson spectra as a function of non-zero chemical potential due to presence of black
hole (BH) in the background of [3].
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A G4 components
We now list the non-zero four-flux components G4 in the limit of [2] and disregarding the asymmetry
w.r.t. φ1 and φ2 which can be eliminated by symmetrizing A
IIB
1 w.r.t. the same:
(i) Grθ1φ2θ2 ∼
81gsMNf sin φ2 cot
(
θ1
2
)
sin(θ2)
4
√
gsN
r4
4
√
2π5/4
√
gsN
+
3
√
3Nf sin φ1r sin(θ1)
4
√
gsN
r4√
2π 4
√
gsN
×
1
96π3/2r2
√
gsN
r4
(2 cot2(θ1) + 2 cot2(θ2) + 3)
2
×
(
gs sin(θ2)
(
64π2N cos(θ1) cot(θ2)f1
′(θ1)
(
2 cot2(θ1) + 2 cot
2(θ2) + 3
)
+ 3gs
2M2effNff1(θ1) log(r) cos(θ1) cot
(
θ1
2
)
cot(θ2)(
2 cot2(θ1) + 2 cot
2(θ2) + 3
)− 64π2Nf1(θ1) sin(θ1) cot(θ2) (2 cot2(θ1) + 2 cot2(θ2) + 3)
+256π2Nf1(θ1) cot
2(θ1) csc(θ1) cot(θ2)
))
,
⇒ lim
ǫθ2→0
∫ π−ǫθ2
ǫθ2
Grθ1θ2φ2dθ2 = 0;
(ii) Grθ2φ2φ1 ∼
1
3
√
πr2 sin(θ1) sin(θ2)
√
gsN
r4
2 4√πf1(θ1) cos(θ1) cot(θ2) 4
√
gsN
r4√
3 (2 cot2(θ1) + 2 cot2(θ2) + 3)
− 2
4
√
πgsNf1(θ1) cos(θ1) cot(θ2)
√
3r4
(
gsN
r4
)3/4
(2 cot2(θ1) + 2 cot2(θ2) + 3)
×

√
3
2Nf sin φ2 sin
2(θ2)
(
8 cos3(θ1) cos(θ2) cot(θ2)− 16 cos4(θ1) cot(θ2)
)
π(cos(2θ1)− 5)
(
2 sin2(θ1) cos2(θ2) + 2 cos2(θ1) sin
2(θ2)
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−
√
2
3Nf2 sin
(
ψ
2
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csc(θ2)
(−2 cos(θ1) cos(θ2) + sin2(θ1)− cos2(θ1) + 5)
π(cos(2θ1)− 5)
 ,
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∫ 2π
0
Grθ2φ2φ1dφ2 ∼
NfF(〈θ1〉, θ2)
r
sin
(〈ψ〉
2
)
which we disregard in large r limit;
(iii) Grθ2ψθ1 ∼
1
2560
√
2π11/4N3/4r2
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gs
5/4MNfθ1 cot
(
θ1
2
)(
9 log(r)
(
768π2a2N
+gs
2M2effNfr log
(
sin
(
θ1
2
)
sin
(
θ2
2
))
+ 4πgsM
2
effr
)
+2268a2gs
2M2effNf log
2(r) log
(
sin
(
θ1
2
)
sin
(
θ2
2
))
+ 32π2Nr
))
,
⇒ lim
ǫθ1,2→0
∫ π−ǫθ1
ǫθ1
dθ1
∫ π−ǫθ2
ǫθ2
dθ2Grθ2ψθ1 ∼ ǫ−5
Nf
r
which we disregard in large r limit;
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(iv) Grθ2ψφ1 ∼ −
81gsMNf sin φ2 cot
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2
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⇒ lim
ǫθ2→0
∫ π−ǫθ2
ǫθ2
dθ2
∫ 2π
0
dφ1Grθ2ψφ1 = 0;
(v) Grφ2ψθ1 ∼ −
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√
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(viii) Gθ1θ2φ2φ1 ∼
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2M2effNff1(θ1) log(r) cos(θ1) cot
(
θ1
2
)
cot(θ2)(
2 cot2(θ1) + 2 cot
2(θ2) + 3
) − 64π2Nf1(θ1) sin(θ1) cot(θ2) (2 cot2(θ1) + 2 cot2(θ2) + 3)
+256π2Nf1(θ1) cot
2(θ1) csc(θ1) cot(θ2)
))
,
⇒ lim
ǫθ1,2→0
∫ π−ǫθ1
ǫθ1
dθ1
∫ π−ǫθ2
ǫθ2
dθ2
∫ 2π
0
dφ2Gθ1θ2φ2φ1 ∼ ǫ−14Nf sin
(〈ψ〉
2
)
;
(ix) Grθ1θ211 ∼
2gsM
r3
(
2r2 log(r)
(2f2(θ2) cot(θ1) (2 cot2(θ1) + 3) sin2(θ2) cos(θ2)
(2 cot2(θ1) + 3) sin
2(θ2) + 2 cos2(θ2)
−f1(θ1)(cos(2θ1)− 5) cot(θ1) csc(θ1) cot(θ2)
2 cot2(θ1) + 2 cot2(θ2) + 3
))
+
2gsM
r3
(
sin(θ2)
(f1(θ1) (r2 + 2r2 log(r)) (cos(2θ1)− 5) cot(θ1) csc(θ1) cot(θ2) csc(θ2)
2 cot2(θ1) + 2 cot2(θ2) + 3
+
2f2(θ2)
(
r2 + 2r2 log(r)
)
cot(θ1)
(−2 cot2(θ1)− 3) sin(θ2) cos(θ2)
(2 cot2(θ1) + 3) sin
2(θ2) + 2 cos2(θ2)
))
,
⇒ lim
ǫθ1,2→0
∫ π−ǫθ1
ǫθ1
dθ1
∫ π−ǫθ2
ǫθ2
dθ2Grθ1θ211 = 0;
(x) Grθ1φ111 ∼
gsM
2
effrf1(θ1) sin
4(θ1)(cos(2θ2)− 5) csc2(θ2)
√
gsN
r4
16
√
πN
(
sin2(θ1) (2 cot2(θ2) + 3) + 2 cos2(θ1)
) ,
⇒ lim
ǫθ1→0
∫ π−ǫθ1
ǫθ1
dθ1Grθ1φ111 = 0;
(xi) Grθ1ψ11 ∼
1
256π3Nr2
×(
3gs
2MNf cot
(
θ1
2
)(
−36 log2(r)
(
96π2a2N − 63a2gs2M2effNf log
(
sin
(
θ1
2
)
sin
(
θ2
2
)))
+9 log(r)
(
768π2a2N + gs
2M2effNfr log
(
sin
(
θ1
2
)
sin
(
θ2
2
))
+ 4πgsM
2
effr
)
+ 32π2Nr
))
∼ 1
r
(
g2sMNf
N
F3(θ1,2)
)
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(xii) Grθ2ψ11 ∼ −
1
512π3Nr2(cos(2θ1)− 5)
(
3gs
2MNf csc
(
θ2
2
)(
2 cos
(
θ1 − 3θ2
2
)
+2cos
(
θ1 − θ2
2
)
+ cos
(
2θ1 − θ2
2
)
+ 2cos
(
θ1 +
θ2
2
)
+ cos
(
1
2
(4θ1 + θ2)
)
+ 2cos
(
θ1 +
3θ2
2
)
−10 cos
(
θ2
2
))(
−36 log2(r)
(
a2
(−63gs2M2effNf − 84πgsM2eff + 32π2N)
−21a2gs2M2effNf log
(
sin
(
θ1
2
)
sin
(
θ2
2
))
− gs2M2effNfr
)
+ 9 log(r)
(
256π2a2N
+gs
2M2effNfr log
(
sin
(
θ1
2
)
sin
(
θ2
2
))
+ 4πgsM
2
effr
)
− 2592a2gs2M2effNf log4(r)
−1728πa2gsM2eff log3(r) + 32π2Nr
))
∼ 1
r
(
g2sMNf
N
F1(θ1,2) + g2sMNfF2(θ1,2)
)
∼ 0;
(xiii) Gθ1φ2ψ11 ∼ −
√
πr2 sin3(θ2)
√
gsN
r4
(4 cos(2(θ1 − θ2))− 4 cos(2(θ1 + θ2)))
12
(
3 sin2(θ1) sin
2(θ2) + 2 sin
2(θ1) cos2(θ2) + 2 cos2(θ1) sin
2(θ2)
)2 ,
⇒ lim
ǫθ1→0
∫ π−ǫθ1
ǫθ1
dθ1Gθ1φ2ψ11 = 0;
(xiv) Gθ2φ2ψ11 ∼
1
12
(
3 sin2(θ1) sin
2(θ2) + 2 sin
2(θ1) cos2(θ2) + 2 cos2(θ1) sin
2(θ2)
)2 ×(
√
πr2 sin2(θ1) sin(θ2)
√
gsN
r4
(3 cos(2(θ1 − θ2)) + 3 cos(2(θ1 + θ2)) + 2 cos(2θ1)− 14 cos(2θ2) + 6)
)
,
⇒ lim
ǫθ2→0
∫ π−ǫθ2
ǫθ2
dθ2Gθ2φ2ψ11
∣∣∣∣∣
θ1∼ǫθ1
∼ ǫ− 172 ;
(xiv) Gθ1φ1ψ11 ∼
1
27(cos(2θ1)− 5)2
(
3 sin2(θ1) sin
2(θ2) + 2 sin
2(θ1) cos2(θ2) + 2 cos2(θ1) sin
2(θ2)
)2 ×(
2
√
2π
3
r2 sin3(θ1) sin(θ2)
√
gsN
r4
(
81
(
6
√
6 sin6(θ1) sin
3(θ2) + 4
√
6 sin6(θ1) sin(θ2) cos
2(θ2)
)
+3 sin3(θ1) cos
3(θ1)(112 cos(2θ2)− 14 cos(4θ2) + 126) csc(θ2) + 54 sin4(θ1) cos2(θ1)
(
15
√
6 sin3(θ2)
−8
√
6 cos3(θ2) cot(θ2) + 2
√
6 sin(θ2) cos
2(θ2)
)
− 8 cos6(θ1)
(
−4 cos3(θ2)(
4 cot(θ1) cot(θ2)− 3
√
6 cot(θ2)
)
+ 9
(
2
√
6 cot2(θ1) + 5
√
6
)
sin3(θ2)
+6
(
−2
√
6 cot2(θ1)− 4 cot(θ1) +
√
6
)
sin(θ2) cos
2(θ2)
)
+ 32 sin(θ1) cos
5(θ1)
(
16 cos3(θ2) cot(θ2)
+24 sin(θ2) cos
2(θ2)
)
− 12 sin2(θ1) cos4(θ1)
(
−9
√
6 sin3(θ2) + 44
√
6 cos3(θ2) cot(θ2)
+30
√
6 sin(θ2) cos
2(θ2)
)
+ 9 sin5(θ1) cos(θ1)(16 cos(2θ2)− 2 cos(4θ2) + 18) csc(θ2)
))
,
⇒ lim
ǫθ1→0
∫ π−ǫθ1
ǫθ1
dθ1Gθ2φ2ψ11
∣∣∣∣∣
θ2∼ǫθ1
∼ ǫ−8;
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(xv) Gθ2φ1ψ11 ∼ −
1
27
(
3 sin2(θ1) sin
2(θ2) + 2 sin
2(θ1) cos2(θ2) + 2 cos2(θ1) sin
2(θ2)
)2 ×(√
2π
3
r2 sin2(θ1) sin
3(θ2)
√
gsN
r4
(
4 cos3(θ1)
(
6
√
6− 4 cot(θ1)
)
cot(θ2) csc(θ2)
−12 sin(θ1) cos2(θ1) sin(2θ2) csc3(θ2) + 36
√
6 sin2(θ1) cos(θ1) cot(θ2) csc(θ2)
))
,
⇒ lim
ǫθ2→0
∫ π−ǫθ2
ǫθ2
dθ2Gθ2φ1ψ11 = 0;
(xvi) Gθ2θ1ψ11 ∼ −
9gs
4MM2effNf
2 log2(r) cot
(
θ1
2
)
cot
(
θ2
2
)
512π3N
∼ (g2sMNf )(gsNf )
(
gsM
2
N
)
F4(θ1,2) ∼ 0;
(xvi) Gθ1θ2φ211 ∼
1
96π3/2r2
√
gsN
r4
(2 cot2(θ1) + 2 cot2(θ2) + 3)
2
(
gs sin(θ2)
(
64π2N cos(θ1) cot(θ2)f1
′(θ1)
(
2 cot2(θ1) + 2 cot
2(θ2) + 3
)
+ 3gs
2M2effNff1(θ1) log(r) cos(θ1)
cot
(
θ1
2
)
cot(θ2)
(
2 cot2(θ1) + 2 cot
2(θ2) + 3
)− 64π2Nf1(θ1) sin(θ1) cot(θ2)
(
2 cot2(θ1) + 2 cot
2(θ2) + 3
)
+ 256π2Nf1(θ1) cot
2(θ1) csc(θ1) cot(θ2)
))
,
⇒ lim
ǫθ2→0
∫ π−ǫθ2
ǫθ2
dθ2Gθ1θ2φ211 = 0. (A1)
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B SU(3) torsion classes of Resolved Warped Deformed Conifolds
Based on the results of [43] and [44], the five SU(3) structure torsion classes for the resolved warped
deformed conifold are given as follows:
W1 =
1
6
e−g(τ)−3p−
3x(τ)
2
(− B(τ) + a(τ)2B(τ)− 2a(τ)A(τ)eg(τ) − B(τ)e2g(τ) − 2a(τ)A(τ)e6p(τ)+2x(τ)
−2B(τ)eg(τ)+6p(τ)+2x(τ) − 2a′(τ)e6p(τ)+2x(τ) + 2eg(τ)+6p(τ)+2x(τ)(B(τ)A′(τ)−A(τ)B′(τ)))
∼ e
−3τ
√
4πgsN
<< 1 (in the UV);
W2 = −2
3
e−g(τ)−3p(τ)−
3x(τ)
2 G5 ∧G6
(− B(τ) + a(τ)2B(τ)− 2a(τ)A(τ)eg(τ) − B(τ)e2g(τ) + a(τ)A(τ)e6p(τ)+2x(τ)
+B(τ)eg(τ)+6p(τ)+2x(τ) + e6p(τ)+2x(τ)a′(τ)− eg(τ)+6p(τ)+2x(τ)(B(τ)A′(τ)−A(τ)B′(τ)))
+e−g(τ)+3p(τ)+
x(τ)
2 (G2 ∧G3 −G1 ∧G4)
(
a(τ)B(τ) +A(τ)B(τ)a′(τ) + B(τ)2eg(τ)g′(τ))
−1
3
e−g(τ)−3p(τ)−
3x(τ)
2 G1 ∧G2
(B(τ)− a(τ)2B(τ) + 2a(τ)A(τ)eg(τ) + B(τ)e2g(τ) + 2a(τ)A(τ)e6p(τ)+2x(τ)
−B(τ)eg(τ)+6p(τ)+2x(τ) + (3A(τ)2 − 1)e6p+2x(τ)a′(τ) + eg(τ)+6p(τ)+2x(τ)(B(τ)A′(τ)−A(τ)B′(τ) + 3A(τ)B(τ)g′(τ)))
+
1
3
e−g(τ)−3p(τ)−
3x(τ)
2 G3 ∧G4
(− B(τ) + a(τ)2B(τ)− 2a(τ)A(τ)eg(τ) − B(τ)e2g(τ) + 4a(τ)A(τ)e6p(τ)+2x(τ)
+B(τ)eg(τ)+6p(τ)+2x(τ) + (3A(τ)2 + 1)e6p+2x(τ)a′(τ) + eg(τ)+6p(τ)+2x(τ)(−B(τ)A′(τ) +A(τ)B′(τ) + 3A(τ)B(τ)g′(τ)))
(4πgsN)
1
4 e−3τ (dτ ∧ eψ + e1 ∧ e2 + ǫ1 ∧ e2) << 1 (in the UV);
W3 = −1
4
e−g(τ)−3p(τ)−
3x(τ)
2 (G1 ∧G3 −G2 ∧G4) ∧G6
(− B(τ) + a(τ)2B(τ)− 2a(τ)A(τ)eg(τ) − B(τ)e2g(τ)
+2a(τ)A(τ)e6p(τ)+2x(τ) + 2B(τ)eg(τ)+6p(τ)+2x − 2e6p(τ)+2x(τ)a′(τ) + 2eg(τ)+6p(τ)+2x(τ)(B(τ)A′(τ)−A(τ)B′(τ)))
+
A(τ)
2
e−g(τ)−3p(τ)−
3x(τ)
2 (G1 ∧G2 −G3 ∧G4) ∧G5
×(− 1 + a(τ)2 + e2g(τ) − 2B(τ)e6p(τ)+2x(τ)a′(τ) + 2A(τ)eg(τ)+6p(τ)+2x(τ)g′(τ))
+
1
4
e−g(τ)−3p(τ)−
3x(τ)
2 G2 ∧G3 ∧G5
(B(τ)− a(τ)2B(τ)− 2a(τ)A(τ)eg(τ) − 3B(τ)e2g(τ) + 2a(τ)A(τ)e6p(τ)+2x(τ)
+2B(τ)eg(τ)+6p(τ)+2x(τ) + 2(B(τ)2 −A(τ)2)e6p(τ)+2x(τ)a′(τ) + 2eg(τ)+6p(τ)+2x(τ)(B(τ)A′(τ)−A(τ)B′(τ)− 2A(τ)B(τ)g′(τ)))
+
1
4
e−g(τ)−3p(τ)−
3x(τ)
2 G1 ∧G4 ∧G5
(− 3B(τ) + 3a(τ)2B(τ)− 2a(τ)A(τ)eg(τ) + B(τ)e2g(τ) + 2a(τ)A(τ)e6p(τ)+2x(τ)
+2B(τ)eg(τ)+6p(τ)+2x(τ) − 2(1 + 2B(τ)2)e6p(τ)+2x(τ)a′(τ) + 2eg(τ)+6p(τ)+2x(τ)(B(τ)A′(τ)−A(τ)B′(τ) + 2A(τ)B(τ)g′(τ)));√
4πgsN
(
32
√
2
3
e−3τ (e1 ∧ ǫ1 + e2 ∧ ǫ2) ∧ eψ + 2
√
2
3
e2 ∧ ǫ1 ∧ dτe−τ + 32e1 ∧ ǫ2 ∧ dτe−3τ
)∣∣∣∣∣
θ1∼0; UV
<< 1;
W4 =
1
2
e−g(τ)−3p(τ)−
3x(τ)
2 G5
(−A(τ) + a(τ)2A(τ) + 2a(τ)B(τ)eg(τ) −A(τ)e2g(τ) + 2eg(τ)+6p(τ)+2x(τ)x′(τ))
∼ −2
3
e−g(τ)dτ = 2W 34 = 2W
3¯
4 ;
W
(3¯)
5 =
1
4
e−g(τ)+3p(τ)+
x(τ)
2 (G5 − iG6)
(
2a(τ)B(τ)− 2A(τ)eg(τ) − 6eg(τ)p′(τ) + eg(τ)x′(τ))
∼ −1
2
(dτ − ieψ) . (B1)
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From (B1), one sees that:
W 3¯4 =
2
3
ℜeW 3¯5 , (B2)
matching with column B of Table 2 of [43].
C Embedding of T 2-Invariant sLag in T ∗S3
Based on [5], the explicit embedding of the maximal T 2-invariant special Lagrangian three-cycle in a
deformed conifold is given by the following:
r =
(
c1
cos(φ1 + φ2)
+
c2
cos(φ1 − φ2)
) 7
3
; In large r limit : c1 = c2 ∼ (r<Λ )
7
3 , c3 ∼ (r<Λ )6 {e.g.r<Λ ∼ r
1
4
Λ} : −
cos θ1 =
1
8
{
sec2(ψ) sec(φ1 − φ2)
[
32 cos(φ1 − φ2 − ψ)− 8 cos(φ1 + φ2 − ψ) + 32 cos(φ1 − φ2 + ψ)
−8 cos(φ1 + φ2 + ψ) +
{
(−32 cos(φ1 − φ2 − ψ) + 8 cos(φ1 + φ2 − ψ)− 32 cos(φ1 − φ2 + ψ)+
8 cos(φ1 + φ2 + ψ) + 3 2
3/7 cos(2φ1) sec
3
7 (φ1 + φ2) + 3 2
3/7 cos(2φ2) sec
3
7 (φ1 + φ2)
+23/7 cos(2(2φ1 + φ2)) sec
3
7 (φ1 + φ2) + 2
3/7 cos(2(φ1 + 2φ2)) sec
3
7 (φ1 + φ2)
)2
+64 cos(ψ) cos(φ1 − φ2) (−32 cos(φ1 − φ2 − ψ) + 16 cos(φ1 + φ2 − ψ)− 32 cos(φ1 − φ2 + ψ)
+16 cos(φ1 + φ2 + ψ) + 3 2
3/7 cos(2φ1) sec
3
7 (φ1 + φ2) + 3 2
3/7 cos(2φ2) sec
3
7 (φ1 + φ2)
+23/7 cos(2(2φ1 + φ2)) sec
3
7 (φ1 + φ2) + 2
3/7 cos(2(φ1 + 2φ2)) sec
3
7 (φ1 + φ2)
)} 12
−3 23/7 cos(2φ1) sec
3
7 (φ1 + φ2)− 3 23/7 cos(2φ2) sec
3
7 (φ1 + φ2)
−23/7 cos(2(2φ1 + φ2)) sec
3
7 (φ1 + φ2)− 23/7 cos(2(φ1 + 2φ2)) sec
3
7 (φ1 + φ2)
]} 1
2
; (C1)
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cos θ2 =
1
8
{
sec2(ψ)(− sec(φ1 − φ2))
[
−32 cos(φ1 − φ2 − ψ) + 8 cos(φ1 + φ2 − ψ) − 32 cos(φ1 − φ2 + ψ)
+8 cos(φ1 + φ2 + ψ) +
{
(−32 cos(φ1 − φ2 − ψ) + 8 cos(φ1 + φ2 − ψ)− 32 cos(φ1 − φ2 + ψ)
+8 cos(φ1 + φ2 + ψ) + 3 2
3/7 cos(2φ1) sec
3
7 (φ1 + φ2) + 3 2
3/7 cos(2φ2) sec
3
7 (φ1 + φ2)
+23/7 cos(2(2φ1 + φ2)) sec
3
7 (φ1 + φ2) + 2
3/7 cos(2(φ1 + 2φ2)) sec
3
7 (φ1 + φ2)
)2
+64 cos(ψ) cos(φ1 − φ2) (−32 cos(φ1 − φ2 − ψ) + 16 cos(φ1 + φ2 − ψ) − 32 cos(φ1 − φ2 + ψ)
+16 cos(φ1 + φ2 + ψ) + 3 2
3/7 cos(2φ1) sec
3
7 (φ1 + φ2) + 3 2
3/7 cos(2φ2) sec
3
7 (φ1 + φ2)
+23/7 cos(2(2φ1 + φ2)) sec
3
7 (φ1 + φ2) + 2
3/7 cos(2(φ1 + 2φ2)) sec
3
7 (φ1 + φ2)
)} 12
+3 23/7 cos(2φ1) sec
3
7 (φ1 + φ2) + 3 2
3/7 cos(2φ2) sec
3
7 (φ1 + φ2)
+23/7 cos(2(2φ1 + φ2)) sec
3
7 (φ1 + φ2) + 2
3/7 cos(2(φ1 + 2φ2)) sec
3
7 (φ1 + φ2)
]} 1
2
. (C2)
From [47], the Ka¨hler form J and the nowhere-vanishing holomorphic three form Ω for a deformed
conifold are given by:
J = −r
6γˆ′ + µ4γˆ − r2µ4γˆ′
2r5
√
1− µ4/r4 dr ∧ (dψ + cos θ1 dφ1 + cos θ2 dφ2)
+
γˆ
4
√
1− µ
4
r4
(sin θ1 dθ1 ∧ dφ1 + sin θ2 dθ2 ∧ dφ2) , (C3)
and
Ω = 2T S cosψ − ı sinψ
rS dr ∧ (sin θ1 dθ2 ∧ dφ1 − sin θ2 dθ1 ∧ dφ2)
+
2ıT
rS (cosψ − ıS sinψ) dr ∧ (dθ1 ∧ dθ2 − sin θ1 sin θ2 dφ1 ∧ dφ2)
−2µ
2T
r3S dr ∧ (sin θ1 dθ1 ∧ dφ1 − sin θ2 dθ2 ∧ dφ2)
+
ıµ2T
r2
[
sin θ1 dθ1 ∧ dφ1 ∧ (dψ + cos θ2 dφ2)− sin θ2 dθ2 ∧ dφ2 ∧ (dψ + cos θ1 dφ1)
]
+ T (ı cosψ + S sinψ)
[
sin θ2 dθ1 ∧ dφ2 ∧ (dψ + cos θ1 dφ1)− sin θ1 dθ2 ∧ dφ1 ∧ (dψ + cos θ2 dφ2)
]
+ T (S cosψ − ı sinψ)
[
dθ1 ∧ dθ2 ∧ (dψ + cos θ1 dφ1 + cos θ2 dφ2)− sin θ1 sin θ2 dφ1 ∧ dφ2 ∧ dψ
]
,
(C4)
where S =
√
1− µ4/r4 r>>1−→ 1 and T = γˆ
√
γˆ + (r2γˆ′ − γˆ)(1− µ4/r4)/8 r>>1−→ r2 as γˆ r>>1←− r 43 , and the
deformation parameter µ is defined via z21 + z
2
2 + z
2
3 + z
2
4 = µ
2.
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D Some Intermediate Steps Pertaining to R-Charge Gauge Field
EOM’s Solution
Plugging (101) into (100) yields for A˜(τ)(0,0),(9,1),(2,0)α (u) relevant to the A˜(τ)α(u)’s EOM, near u = 0
up to O(u):
(1− u)− iw34 −1A˜(τ)(0,0)α (u) = c2 + c2
(
1 +
i
4
w3
)
u+O(u2);
(1− u)− iw34 −1A˜(τ)(0,1)α (u) =
(
− 1
64
iπ2c1 − 3πc2
16
+
1
4
iπc3 + c4
)
+
1
256
[
π2(w3w3 − 4i)c1 − 4iπ(w3w3 − 4i) (3c2 − 4ic3) + 64i
(
(w3w3 − 4i)c4 − c2
)]
u+O
(
u2
)
;
(1− u)− iw34 A˜(τ)(2,0)α (u) =
1
24
[
3
(
2Li3(−i) + 2Li3(i) + 3ζ(3)
)
c1 − iπ3c1 + π2c2 + 6iπc3 + 24c4
]
+
1
96
w3
[
π3c1 + iπ
2c2 − 6πc3 + 3i
(
(2Li3(−i) + 2Li3(i) + 3ζ(3)) c1 + 8c4
)]
u+O(u2) (D1)
One can show that A˜(τ)(0,1) ′x1 (u), up to O(u), will be given by the expansion of the following up
to O(u):
2
√
2e
− 4u−2
4
√
2 (2u− 1)3/2 + e−
4u−2
4
√
2 (4u− 2)3/2c1U
(
1
8
(
10 + 3
√
2
)
,
5
2
,
√
2u− 1√
2
)
+e
− 4u−2
4
√
2 (4u− 2)3/2c2L
3
2
1
8(−10−3
√
2)
(√
2u− 1√
2
)[
U
(
1
8
(
10 + 3
√
2
)
,
5
2
,
√
2u− 1√
2
)
I1
+I2L
3
2
1
8(−10−3
√
2)
(√
2u− 1√
2
)]
, (D2)
where U(a, b, z) are Tricomi confluent hypergeometric functions defined via
U(a, b; z) ≡ Γ(b−1)Γ(a) z1−B(τ) 1F1(a−b+1; 2; 2−b; z)+ Γ(1−b)Γ(a−b+1) 1F1(a; b; z), b not being an integer; Lab (z)
are associated Laguerre polynomials, and I1,2 are defined in (D5). In the context of the equation of
motion (105) for the R-charge gauge, the exact solutions being intractable, the same corresponding to
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A˜(τ)(0,0) ′x1 in (106), near u = 0, is given as under:
A˜(τ)(0,0) ′x1 = −ie
1
2
i(i+
√
11+i
√
15π)
{
U
(
1
2
+
7i√
11
+
i
√
15
2
, 1 + i
√
15,−i
√
11
)
c1 + c2L
i
√
15
− 1
2
− 7i√
11
− i
√
15
2
(
−i
√
11
)}
+
1
2
e
1
2
i(i+
√
11+i
√
15π)
[
−
{(
−2i+
√
11 +
√
15
)
U
(
1
2
+
7i√
11
+
i
√
15
2
, 1 + i
√
15,−i
√
11
)
+
(
14i +
√
11 + i
√
165
)
U
(
3
2
+
7i√
11
+
i
√
15
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≈ −(80.5 − 11.6i)c2 + (136.7 + 32.7i)c2u− (28.1 + 22.2i)c2u2 +O(u3)
≡ a+ bu+ cu2 +O(u2). (D3)
One can similarly show that A˜(τ)(2,0) ′x1 (u), up to O(u), will be given by the expansion of the
following up to O(u):
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, (D4)
where I ′1,2 are defined in (D6).
46
The integrals I1,2 appearing in (D2) and (D4) are defined as:
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